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Abstract 

Chung and Graham began the systematic study of hypergraph quasirandom prop- 
erties soon after the foundational results of Thomason and Chung-Graham- Wilson on 
quasirandom graphs. One feature that became apparent in the early work on hyper- 
graph quasirandomness is that properties that are equivalent for graphs are not equiva- 
lent for hypergraphs, and thus hypergraphs enjoy a variety of inequivalent quasirandom 
properties. In the past two decades, there has been an intensive study of these disparate 
notions of quasirandomness for hypergraphs, and a fundamental open problem that has 
emerged is to determine the relationship between these quasirandom properties. 

We completely determine the poset of implications between essentially all hyper- 
graph quasirandom properties that have been studied in the literature. This answers 
a recent question of Chung, and in some sense completes the project begun by Chung 
and Graham in their first paper on hypergraph quasirandomness in the early 1990's. 

1 Introduction 

An important line of research in extremal combinatorics and computer science in the last 
few decades is the study of quasirandom or pseudorandom structures. This was initiated 
by Thomason [4T1 142] and Chung, Graham, and Wilson who studied explicitly con- 
structed graphs which mimic the random graph. Applications of quasirandom structures 
have appeared in many situations in extremal combinatorics and computer science, for ex- 
ample in recent proofs of Szemeredi's Theorem [39] using the Strong Hypergraph Regularity 
Lemma [151 1211 EH [321 HQ] and in expander graphs [T7] in computer science. For details on 
quasirandomness, we refer the reader to a survey of Krivelevich and Sudakov [23] for graph 
quasirandomness and recent papers of Gowers [131 E3 EE] for other quasirandom structures. 

Soon after the papers [311 H2] and [TT] . Chung and Graham [H] initiated the study of 
quasirandomness in hypergraphs. Since these early papers on the subject, there have been a 
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variety of different notions of quasirandomness defined for hypergraphs, and the relationships 
between these quasirandom properties are not well-understood. We remedy this situation in 
the current paper by describing the relationships between essentially all hypergraph quasir- 
andom properties that have been previously investigated. 

A k-uniform hypergraph is a pair of finite sets (V(G), E(G)) such that E(G) is a collection 
of fc-subsets of V(G). The set V{G) is the vertex set and E{G) is the edge set. For a 
hypergraph G and U C V(G), the induced subgraph on U, denoted G[U], is the hypergraph 
with vertex set U and edge set {e G E{G) : e C U}. A graph is a 2-uniform hypergraph. Let 
Q = {G„,}n^oo be a sequence of graphs with |V(G n )| = n and let < p < 1 be a fixed real. 
The graph sequence Q is p- quasirandom if it satisfies the following properties. 

• Disc p : (short for discrepency) for every U C V(G n ), \E(G n [U])\ = + o{n 2 ). 

• Expand p : For every S, T C V(G n ), e(S,T) = p\S\\T\ + o(n 2 ), where e(S,T) is the 
number of edges with one endpoint in S and one endpoint in T, with edges inside 
S fl T counted twice. 

The use of little-o notation in the above definitions requires some explanation. The precise 
definition of Disc p is the property of graph sequences defined as follows: Q = {G n } n -+oo with 
|V(G n )| = n satisfies Disc p if there exists a function / : N — > R such that f(n) = o(n 2 ) (i.e. 
lim^oo f(n)n~ 2 = 0) so that for all n and all U C V(G n ), p( u 2 ) - f(n) < \E(G n [U])\ < 
^('2') ~^ f( n )- Expand^ is defined similarly. 

It is easy to see that Disc p and Expand^ are equivalent; Expand p =^ Disc p is trivial by 
letting S = T = U and the converse is a simple inclusion/exclusion argument. In addition, 
DisCp and Expand p are both central properties of the random graph. Many more properties 
of graph sequences have been shown equivalent to Disc p and Expand p , including counting 
subgraphs, counting induced subgraphs, spectral conditions, sizes of common neighborhoods, 
and counting even/odd subgraphs of cycles, see [HI UHl ES EZl EHl EDI E31 EH [351 ESI EH 
l38l H3]. In addition, several researchers investigated the sparse case where p is no longer a 
constant but p = o(l), see pQ [5J (6J [21], [22]. In this paper, we will be concentrating only on 
the dense case when p is a fixed constant. 

For fc-uniform hypergraphs, there are several obvious generalizations of the graph prop- 
erties Disc p and Expand p which we discuss next. A proper partition n of k is an unordered 
list of at least two positive integers whose sum is k. Let H = {f/„} n _>.oo be a sequence of 
fc- uniform hypergraphs with |V(if n )| = n and let < p < 1 be a fixed integer. For a proper 
partition tt = k\ + • • • + k t of k, define the following properties of H. 

• Disc p : for every U C V{H n ), \E{H n [U\)\ = p(^) + o(n k ). 

• Expand p [tt]: For all S t C ( y( ^ n) ) where 1 < i < t, 

t 

e(S 1 ,...,S t )=pl[\S l \+o(n k ) 

i=l 
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where e(Si, . . . ,S t ) is the number of tuples (si, . . . , s t ) such that si U • • • U s t is a 
hyperedge and Sj G S^. 

Expand p [l H — • + 1] =>- Disc p is easy by letting Si = U and an inclusion/exclusion argument 
shows DisCp =>- Expand p [l + • • ■ + 1] (see Lemma |8] for a proof of a more general statement). 
One of the most important graph properties equivalent to Disc p is Count p [All], the property 
that for all graphs F, the number of labeled copies of F in G n is p\ E ( FS >\n) v ( F ^ +o(n^ v ^ F ^) and 
at first glance one might suspect this equivalence also holds for hypergraphs. However, Rodl 
observed that a three-uniform construction of Erdos and Hajnal [13] satisfies Disci/4 and fails 
County [All]. In light of this construction, Frankl and Rodl suggested the following property 
which can be seen as an alternate generalization of Disc p from graphs to hypergraphs. Let 
H = {-ff n }n->oo be a sequence of fc-uniform hypergraphs with |V"(if n )| = n, let < p < 1 be 
a fixed integer, and let 1 < £ < k — 1 be an integer and define the following property. 

• CliqueDisc p [£]: for every ^-uniform hypergraph G where V(G) = V(H n ), \E(H n ) fl 
/Cfe(G)| = p\JCk(G)\ + o(n fc ), where K,k(G) is set of k-cliques of G, the collection of 
fc-sets T C V(G) such that all -^-subsets of T are edges of G. 

Note that for fc-uniform hypergraphs and £ = 1, CliqueDisc p [l] <^ Disc p by definition so 
CliqueDisc p [£] is a generalization of Disc p . It turns out that the properties CliqueDisc p [£] 
and Expand p [7r] are the two most useful generalizations of Disc p and Expand^; almost all 
hypergraph quasirandom properties that have been studied have been shown equivalent to 



CliqueDisc p [£] or Expandpfvr] for some £ or tt. See^|ll[ZllSllSllinilI2llIlllISll2Qll231l25]for 



the studies of these properties, which include counting subhypergraphs, counting induced 
subhypergraphs, spectral characterizations, and counting even/odd subgraphs. 

There are two more hypergraph quasirandom properties that have been studied. First, 
Chung and Graham's [8] original property on even/odd subgraphs of the octahedron called 
Deviation[£] and an extension of CliqueDisc p [£] recently proposed by Chung [1]. 

• For 2 < £ < k, define Deviation[£] as follows: 



where 0[x,y\ is the collection of hyperedges of the squashed octahedron. That is, 
0[x,y\ = {{x 1 ,...,x k „i,y 1;il ,...,y i)ie } : < ij < 1}. Conceptually, Deviation^] 
states that the difference between the number of even and odd squashed octahedrons 
is negligible compared to the number of squashed octahedrons. 



1 This is slightly different than Chung's [1] definition; she defined CliqueDisc[£, s] only for spanning G. 
We believe the two definitions are equivalent and have proved this for several small cases. 






x 1 ,...,x k _ e eV(H) 
Vi,o,Vi,U—>Vt,OtVl,i€V(H) 
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Although it is possible to extend the definition of Deviation[£] to arbitrary < p < 1, 
the deviation property has been studied primarily for p = ~, which is how we have stated it. 
Also, note that CliqueDisc p [£, Q)] is the same property as CliqueDisc p [£]. 

The main open problem is to discover the relationships between all these quasirandom 
properties. In [7], Chung discovered a few of the relationships (see Table [1]) involving 
Deviation^] and CliqueDisci/2^]. Our main result is to completely determine all rela- 
tionships between Expand p [7r], CliqueDisc p [£, s], and Deviation[£] for all £, s, and ir. As a 
consequence, our work also determines the relationships between other properties like count- 
ing and spectral conditions studied in the literature, since these have been shown equivalent 
to one of Expand^ [7r] , CliqueDisc p [£, s], or Deviation[£]. 

CD(5) Dev(6) 



Dev(5) 




(2,2,2) (3,2,1) (4,1,1) 

\ / >CV 

(2,2,1,1) (3,1,1,1) 

\ / 
(2,1,1,1,1) 

CD(1) & (1,1,1,1,1,1) Disc 
Figure 1: The Hasse diagram of quasirandom properties for k = 6. 

Our first result is that CliqueDisc p [£, s] is a superfluous property in the sense that 
CliqueDisc p [£, s] CliqueDisc p [£, s'] for all £,s,s'. Since CliqueDisc p [£] is equivalent to 
CliqueDisc p [£, L)], we can reduce to studying just CliqueDisc p [£]. 

Theorem 1. Fix k > 3 and 2 < £ < k. Then CliqueDisc p [£,l] CliqueDis<Zp[£,2] 
^ ■ ■ ■ CliqueDisc p [£, (*)/. 

The proof of Theorem [1] appears in Section [51 Our next result is that the expansion 
properties are arranged in a poset via partition refinement. In particular, Expand p [7r] is a 



4 



Range 


Result 


Proof 


7r' < TT 


Expand p [7r] =>- Expand p [V] 


Theorem [2], Lemma [7| 


7r' ^ 7T 


Expand p [7r] ^4 Expand p [V] 


Theorem [21 Lemma 1301 


all 7T 


Expand p [7r] =>- CliqueDisc p [l] 


Theorem [3] 


all tt,£>2 


Expand p [7r] 7^- CliqueDisc p [£] 


Theorem [3], Lemma 13JJ 


all 7r, £ 


Expandi^K] 7^ Deviation^] 


Theorem HI Lemma 1321 








2 < £ < k - 1 


CliqueDisc p [£] =>- CliqueDisc p 


£-1] 


Chung [7] 


1 < I < k - 2 


CliqueDisc p [£] ^ CliqueDisc p 


e + i] 


Chung [7] for p = |, Lemma [331 


max 7r < £ 


CliqueDisc p [£] =>- Expand p [7r] 


Theorem [3], Lemma [8] 


max7r > £ 


CliqueDisc p [£] 7^- Expand p [7r] 


Theorem [3], Lemma 1351 




CliqueDiscp^ — 1] =>- Deviation[A;] 


Chung and Graham [8j 


all £ 


CliqueDisci/2[A; — 2] 7$- Deviation[£] 


Theorem HI Lemma |34| 








3 < £ < k 


Deviation[£] =>- Deviation[£ — 1] 


Chung [7], Lemma 1441 


2 < £ < k - 1 


Deviation^] 7^- Deviation^ + 1] 


Proposition Lemma 1371 


2 < £ < k 


Deviation[£] =>- CliqueDiscp [£ — 1] 


Chung |7|, Lemma 1451 


2 < £ < k - 1 


Deviation[£] 7^ CliqueDiscp!/ 




Chung [7J, Lemma 1361 


all 7T, £ 


Deviation[£] =>• ExpandppT] 


Theorem HI Lemma [HJ 



Table 1: Relationships between quasirandom properties 



distinct property for each tt. 

Definition. A partition tt' = mi + • ■ • + m r is a refinement of a partition tt = k\ H — • + kt 

if there is a surjection cf) : {l,...,r} — > {1, . . . ,t} such that for every 1 < % < t, ki = 
J2j-0(j)=i m j ■ V n ' i s a refinement of tt , we write tt' < tt. Also, for tt = ki + • • • + k t , let 
max 7T = max j ki . 

Theorem 2. Expandpfn] =>- Expand p [i\' } if and only if it' is a refinement of it. 

Having determined the poset of implications for the properties Expand p [7r], we now give 
the relationships between CliqueDisc p [£] and Expand p [7r] for all £ and it. 

Theorem 3. Let 1 < £ < k — 1 and tt = k\ + • • • + kt- CliqueDisc p [£] =>■ Expand v [i\} if 
and only if ki < £ for all i. Also, Expand v [i\] =>- CliqueDisc p [l] for all tt but Expandpfir] 7$- 
CliqueDisc p [£] for any other tt and £ > 2. 

Next, we determine the relationships between Deviation[£] and the other properties. 
Since Deviation^] has been studied primarily for p — |, we only study the relationships 
between Deviation[£] and CliqueDiscp [£] and Expandp[7r]. 

Theorem 4. For all 2 < £ < k and all tt, we have Deviation[£] =>- Expandi^lTi]. Fur- 
thermore, CliqueDisci/2[k — 1] =>- Deviationfk] but no expansion and no other clique 
discrepency implies Deviation[£] for any £. 
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Lastly, we prove that Deviation^] 7^ Deviation[£ + 1]. When combined with the im- 
plication Deviation[£] =>■ Deviation[£ — 1] (Chung [7]), this proves that the properties 
Deviation[£] form a chain of distinct hypergraph quasirandom properties. 

Proposition 5. For all 2 < £ < k — 1, we have Deviation[£] 7^ Deviation^ + lj. 

The proofs of Theorems El [3HU and Proposition [5] appear in Sections El [3j and HI Together 
with results of Chung [7J and Chung and Graham [8j, these theorems complete the charac- 
terization between Expand p [7r], CliqueDisc p [£], and Deviation^] for all I and ir. Tabled] 
summarizes these results and states where each piece is proved. Figure CD shows a diagram 
of the relationships for k = 6. 

The remainder of this paper is organized as follows. In Section El we prove the implica- 
tions in Table [H (Lemmas [710 and fTTl) . In Section [31 we define three families of constructions 
which are used to show the separation of quasirandom properties, and in Section @] we use 
these constructions to prove all the negative implications in Table [U Section [5] contains the 
proof of Theorem [lj Lastly, Appendix [A] contains for completeness some proofs of results 
of Chung [7] that are used in this paper. The subscript p on the quasirandom properties is 
dropped if it is clear from context. 

2 Implications 

In this section, we prove the implications in Table [U 
2.1 Expansion 

Our goal in this subsection is to prove Lemma [7J below. First, we introduce a variant of 
Expand[7r] where the sets are disjoint. Let ir = k\ + • ■ ■ + k t be a proper partition of k. If H 
is a hypergraph and S\, . . . , S t are sets such that Si C ( V k H ^), denote by V(Si) = Li s€ SiS and 
call Si, . . . ,S t disjoint if V(Si) D V(Sj) = for i 7^ j. Let 7-L = {-£^„},woo be a sequence of 
fc-uniform hypergraphs such that 1^(^)1 = n. Define the following property of the sequence 
H. 

• PartiteExpand p [7r]: For all Si C ( V ^"^) where Si, . . . , S t are disjoint, 

i 

e(Si,...,S t )=pl[\S l \+o{n k ) 

i=i 

where e(Si, . . . , S t ) is the number of tuples (si, . . . , s t ) such that Sj G Si for all i and 
Sl U---Us t e E(H n ). 

Lemma 6. PartiteExpand p [7i] =^> Expandpfir]. 
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Proof. Let H = {H n } 

n ->oo be a sequence of hypergraphs satisfying PartiteExpand[7r]. 
Throughout this proof, for notational simplicity we drop the subscript n. Let Sj C ( V ^) 
be given. Let V = (Pi, . . . ,Pt) be an ordered partition of V(H) into t non-empty parts. 
That is, V is an ordered tuple of t non-empty vertex sets such that Pj fl Pj = for i ^ j 
and UPi = V(H). For 1 < i < t, define Sj[Pj] to be the collection of fcj-sets in S, which are 
subsets of Pi. Then 

e(S 1 ,...,S t ) = ^- k Y,e(S 1 [P 1 ],...,S t [Pt]), 

v 

since in the sum over partitions, each (s±, . . . , s t ) G S\ x • ■ • x S t with s± U • • • U s t G E(H) is 
counted t n ~ k times. That is, if E = s% U • ■ • U s t is an edge with s, G Si, then the partitions 
which count (si, . . . , s t ) are the partitions formed by starting with Pi — s\, . . . , P t = s t and 
adding the other n — k vertices arbitrarily to the t parts. 
A similar argument shows that 

\Si\-"\St\ = ik*52\Si[Pi]\~-\St[Pt]\. (i) 
1 v 

Now apply PartiteExpand[7r] to Si [Pi], . . . , S t [P t ] to obtain 

e(St, . . . , St) = {p\ S ^]\- ■ ■ \ S t[Pt)\ + o(n k )) 

v 



,'n k t\S(n,t) 

p\Si\ ■ ■ ■ \S t \ + o 



t n-k 

The last equality combines ([1]) with the fact that the number of partitions in the sum is 
t\S(n,t) where S(n,t) is the Stirling number of the second kind. Since S(n,t) = 0(t n ) 
and t and k are fixed, - t£=£& = Q(n k ) implying that e(Si, . . . , S t ) = p\Si\ ■ ■ ■ \S t \ + o(n k ), 
completing the proof. □ 

Lemma 7. If n' is a refinement of it, then Expandpfn] =^> Expandpfr 1 ]. 

Proof. Let H = {H n }n^oo be a sequence of hypergraphs and let tt = k\ + ■ • ■ + k t and 
7r' = mi + • • • + m r . Let : {1, . . . , r} — > {1, . . . , t} be the surjection for the refinement of it' 
of 7r. That is, fcj = Ylj-<f>(j)=i m j- By LemmaEJ we only need to show that PartiteExpand[7r'] 
holds, so let S[, . . . , S' t be disjoint sets with S 4 ' C ( V( ^ n ^)- For 1 < i < t, define 

St = {X n U-UI 3( : {ji, ...J t } = {j : = i} and Va, X, a G 5}.}. 

In other words, Si consists of all vertex sets formed by combining via the refinement sets 
from S[, . . . , S[. Since S[, . . . , S' t are disjoint, 

e(S 1; . . . , S t ) = e(Si, ...,S' r ) and (S^ • • • \S t \ = \S' 1 \-- \S' r \. (2) 
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Since Expand[7r] holds for %, 

e(S 1 ,...,S t )=p\S 1 \---\S t \ + o(n k ). 
Combining this with (J2J) shows that PartiteExpand[7r'] holds for %. □ 

2.2 Clique Discrepency 

Our goal in this subsection is to discuss and prove all the implications in Table [1] involving 
CliqueDisc[£]. In particular, Lemma |8] below states that CliqueDisc[£] =>■ Expand[7r] if 

max7r < t. 

The implication CliqueDisc p [£] =>- CliqueDisc p [£ — 1] is easy to see directly from the 
definitions: given an (£— l)-uniform hypergraph G, let F be the £- uniform hypergraph whose 
hyperedges consist of the ^-cliques in G. Then Kk{G) = JCk(F), so applying CliqueDisc p [£] 
to F implies that CliqueDisc p [£ — 1] holds for G. 

As part of their initial investigation of hypergraph quasirandomness, Chung and Gra- 
ham [8] proved that CliqueDisc^ [k — 1] =>• Deviation.^]. Since the reverse implication 
also holds, these properties are equivalent. Indeed, they have also both been shown equiv- 
alent to Count [All], the property that for every A;-uniform hypergraph F, the number of 
labeled copies of F in U is (1/2) Wn'^l + o(n) v ^). 

The final implication involving CliqueDisc p [£] in Table Q] is that if 7r = k\ + ■ ■ • + k t is a 
proper partition of k where ki < £ for all i, then CliqueDisc p [£] =>- Expand p [7r]. 

Lemma 8. Let k > 3, let 2 < £ < k, and let 7r = k\ + • • • + kt be a proper partition of k 
where ki < £ for all i. Then CliqueDisc p [£] =>- Exp and p [n } . 

Proof. First, view 7r as an ordered partition if = {ki, . . . ,k t ) where ^2,ki = k. Let H = 
{i7 n } n ^oo be a sequence of hypergraphs satisfying CliqueDisc[£]. Throughout this proof, 
for notational simplicity we drop the subscript n. By Lemma El we only need to show that 
PartiteExpand[7r] holds, so let Si C ( ^ ) be given such that Si, ■ ■ ■ , S t are disjoint. Define 

M. = / (mi, . . . , m t ) : < m 8 < k, rrii = k\ . 

For rh G M, define the cliques of type rh as the following set: 

7i = {A, U U : \A m) | = mi and C S,] . 

That is, the cliques of type rh are the fc-sets of vertices which have exactly rrii vertices in 
V(Si) and if rrii > K then all ki subsets of A D V(Si) are elements of Si (since if rrii < h 
then ( An ^ (Sl) ) = 0). Depending on vf, k, and i some of the collections %n could be empty. 
Now define an equivalence relation ~ on M. as follows. For in, rh' G M., 

rh ~ rh' if and only if {i : rrii < £} = {i : m! i < £} 

and Vz G {i : rrii < £}, m i = m \ 
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In other words, fh ~ fh' if they are equal in coordinates which are smaller than £ and have 
the same sum of coordinates at least £. For example, if 7? = (3, 3, 2, 2, 2) and £ = 3, then 
(6, 4, 1, 1, 0) ~ (5, 5, 1, 1, 0). For fh £ M, define [fh] = {fh' G M : fh ~ fh'}. It is trivial to 
see that this is an equivalence relation on A4. 

Claim 1. [(A*,..., A*)] = {(*!,...,**)}. 

Proof. Assume that to ~ (ki, . . . , k t ). For indices z where fcj < £, rrii = ki and for indices 
where ki = £, rrii > £ = ki. But since = ki = k, we must have m; = fcj for all i. □ 

Define T[A] = \Jfh'~mTh'- Note tnat 7[(fci ,...,**)] n = T{ kl ,...,kt) n is exactly the 

set of edges we would like to count; T(k lr ..,k t ) is isomorphic to the collection of ordered tuples 
(si, . . . , s t ) such that Sj G since Si, . . . , S t is disjoint. Thus the following claim completes 
the proof. 

Claim 2. For a// [to] G M/~, |7f«] n£(ff)| =p|7f«]| + o(n*). 

Proof. The proof is by induction; define a partial order on the equivalence classes in M. /~ 
as follows: [to/] < [to] if one of the following holds: 

• \{i : m'i — 0}| > \{i : to* = 0}|, or 

• |{z : to^ = 0}| = \{i : to, = 0}| and {i : > £} C {z : to^ > £}, or 

• |{z : to^ = 0}| = \{i : rrii = 0}| and {2 : > £} = {i : rrii > £} and 

l<i<t l<i<t 
m^<i rn.i<e 

Note that the definition is well defined since any vector in [fh] has the same set of indices 
i where rrii = and the same set of indices where rrii > £■ We prove Claim [2] by induction 
on this partial order. The base case proves the statement for all minimum elements in the 
partial order and the inductive argument applies the claim only for elements smaller in the 
partial order. 

For the base case we consider vectors with exactly one non-zero rrii which equals k since 
the total sum of the entries of fh is k. Note that the equivalence class of (0, . . . , 0, k, 0, . . . , 0) 
has size one, so the base case is to show that |7(o,...,o,j^o,...,o)'~ | -E'(-ff)| = p|7(o,...,Q,jfe,o,...,o)| +o(n k ). 
Assume that rrii = k and for j ^ i, rrij = 0. Since CliqueDisc[£] =>- CliqueDisc[/cj], 
CliqueDisc[/cj] holds for %. Now apply CliqueDisc [&;.;] to the /cj-uniform hypergraph Si. 
By definition, Tm = ICk(Si) since both are the fc-sets all of whose ^-subsets are elements of 
Si. Therefore, CliqueDiscffcj] applied to Si implies \fCk{Si) H E(H)\ = p \fCk(Si)\ + o{n k ). 
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For the inductive step, define an ^-uniform hypergraph W[^\ as follows. The vertex set 
of Wiri] is the same as the vertex set of H. The edge set is 

E(W [a] ) = [b e ^( s i)u-- ul/ ( s >)^ :Vij m< i^\ B nV(S t )\<m i , 

andVi, ( Bn , m) )c Si 

Note that the definition is well defined since any vector in [fh] has the same entries for indices 
smaller than I. 

Claim 3. K. k (W[rn]) Q ^rn'eM Tin! ■ 

Proof. Let A G K k (W w ) and define = \A n V(Si)\. Since A C V(S 1 ) U • • • U F(£ t ) and 
Si, . . . , St are disjoint, ^2,m\ = k. Lastly, pick any C G ( An ^ S ^) and let B be any ^-subset 
of A containing C. Such a 5 exists since max n < £. Since A is a clique of Wy^ , S is an edge 
of W^] which implies that all fcj-subsets of B n V(SA are elements of Si. But C C B fl V(S'j) 
so C & Si, implying that A G Tm 1 ■ □ 

Claim 4. Tf^] C /C fc (W H ). 

Proo/. Let A G and let 5 be any ^-subset of A. Then \B n 7(^)1 < |A n = mi 

for all i. Also, for anyCCBn V(Si) with |C| = k h C C A n V^) so C G □ 

Claim 5. For m ^ fh' , %h H 7^' = 0. 

Proof. Let A eT^H %h\<- Then |A fl V(5i)| = and |A fl V(S , i )| = m\ for all i so m ; = m- 
for alH. □ 

Claim 6. There exists a collection M! C M./~ suc/i t/iat 

Proof. By Claims El HJ and [5] we only need to prove that for every [fh'] G /~, either 
fck(W[rn]) contains T\rh'] or is disjoint from 

Let Ai,A 2 G T\rh>\ such that Ai G rC k (W\^). Let £> 2 be any ^-subset of A 2 . We would 
like to show that B 2 is in E{W[m}) to imply that A 2 G /C^Wj^]). For i with < £, let 
/, = \B 2 C\V (Si) | and let I?i be an ^-subset of Ai which takes any /j elements of Ai flV^j) for 
each z with rrii < I and takes vertices arbitrarily from V(Si) for i where rrii > i. There exists 
such a set Bi since for coordinates i where rrii < £, fi < \A 2 fl V(Si)\ — mi — \A\ fl V(Si)\ 
so there exists a subset of A\ fl V(5i) of size fi and this subset can be used for Bi fl V(S{). 
Also, once these vertices are picked, B\ can be extended to an £-set by taking vertices only 
from the other coordinates since ^{|Ai fl V(Si)\ : rrii > £} = ^2{\A 2 fl V(Si)\ : rrii > In 
addition, this argument showing the existence of Bi does not depend on the representatives 
fh and fh' chosen for the equivalence classes [fh] and [fh!\. 



10 



Now that we have defined B\, since A\ is a clique of WyM and B\ is an ^-subset of A\, B\ 
must be an element of EiW]^). This implies for i with m 8 < £ that f\ = \Bi fl V(Si)\ < rrii 
so that \B 2 fl ^(S'j)! < mj. Lastly, if C is a fc r subset of B 2 fl V(S , i ), then C is a /cj-subset of 
A 2 n V(5i) so C e Si. □ 

The actual description of which equivalence classes are in Ai' is complicated and depends 
on the relationships between fcj, m ; and I. Fortunately, we don't need the exact description; 
we just require that every [fh'] G Ai' appears below [fh] in the partial ordering. Assume that 
Ai' is defined so that for each [fh'] G Ai' ', Tj^/j 7^ 0. Recall that it is possible for Tm 1 to be 
empty for certain fh! depending on the interaction between the hypergraph H, tt, k, and £. 
Therefore, in the remainder of this proof we just ignore the collections 7^/ which are empty 

Claim 7. For every [fh'] G Ai' , [fh 1 ] < [fh] . 

Proof. Let A G 77m']- First, we prove that {i : = 0} D {i : m; = 0}. Assume for 
contradiction there exists some i with 7^ and m; = 0. Since 7^ 0, A contains a 
vertex a; inside V(Si). But now let B be any ^-subset of A containing x. Since = and 
x G V(5j), this ^-subset B is not in EiW^) so A is not a A;-clique of contradicting 
[fh 1 ] G If {2 : m'i = 0} D {i : = 0}, then [fh'] < [fh]. Therefore, assume that 

{i : m! i = 0} = {i : rrii = 0}. 

Next, we prove that for i with rrii < £, < rrii. Assume for contradiction that there 
exists an i such that m- > rrii and rrii < i. Let A G Tr^'i. Then |v4 fl ^(Si)| = m! i > rrii + 1 
so let B be an ^-subsets of A which has at least m ; + 1 elements of A D ^(Si). There exists 
such a -B since + 1 < £ and rrii + 1 < \A n V(Si)\- But now 5 is not in EiW^]) since 
\B r\V(Si)\ > rrii and rrii < £ and this contradicts that [m'] G 

Since for every i with rrii < £, m! i < rrii we must have {i : m! i > £} C {i : m; > £}. If 
{i : > £} C {i : rrii > £}, then [m'] < [m]. Therefore, assume that {2 : m! i > £} = {i : 
m-i > £}■ This implies that 

l<i<t l<i<t 
m'^l nii<e 

since m« < £ if and only if m! i < £ and for these indices, m! i < rrii. If © is a strict inequality, 
then [m'] < [m] so assume that ([3]) is an equality which implies rrii = for all i with 
mj < £. Combining this with {i : m! i > £} = {i : rrii > £} implies that fh ~ fh' which is a 
contradiction, since the union in Claim is a disjoint union. □ 

Claims |6] and [7] combine to finish the proof of Claim [2j By induction, we know the 
size of T[rh'\ H E(H) for all [m'] G and using CliqueDisc[£] we can compute the size of 
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^fc(W[m]) fl E(H). A simple subtraction counts the size of 7[m] H V^(if ) as follows: 

iT^n^if)! = |/C fc (^ N )n£(#)| - ^ \T w] nE{H)\ 



m']eM' 



P \lC k (W[ A ])\ - p|7[m']|+o(n 



[m']6M' 

= p(|/C Jfc (W [ ^)|- ^ |7jW]| J +o(n*) 

\ [m']6M' / 

= P\7[rn] \ +0(n k ). 

□ 

By Claims [1] and El the proof of the lemma is now complete. □ 
2.3 Deviation 

In this section, we discuss the implications involving Deviation[£] in Table HJ The implica- 
tions Deviation[£] =>- Deviation[£ — 1] and Deviation[£] =>■ CliqueDisc[£ — 1] were both 
proved by Chung [7j. The remaining implication is Deviation[£] =>■ Expand[7r] for all i and 
7r. The proof uses several similar techniques to the other deviation implications proved by 
Chung [7]. 

Definition. Let A\, . . . , Ak C V(H) be subsets of vertices such that \Ai\ G {1, 2}. Define 

. . . ; = {(an, . . . , x fc ) G V(H) k : G A*} . 

TTiarf is, 0[Al; . . . ; A k ] is the collection of tuples of the squashed octahedron using the vertices 
from Ai, . . . , A k . Next, define 

0[Ai; ...;A k ] = ...,x k }: (x 1} ...,x k ) G 0[Ai; ...;A k ] and \{xi, . . .,x k }\ = 

so that 0[Ai; . . . ; A k ] are the k-sets which come from tuples of distinct vertices of the squashed 
octahedron. Lastly, define 



r} H (Au ...;A k ) 



1, if \0[Ad ...;A k ]n E(H)\ is even, 
-1, otherwise 



For notational convenience, the braces defining Ai are usually dropped. For example, we will 
write O[x;yo,yx;zo,zx] for 0[{x}; {y , y x }; {z , z x }}. 

Definition. Let P C V(H) k , let < i < k, and let H be a k-uniform hypergraph. Define 
dev £iP (F) := ^ ~n H (x 1 ;...;x k - i ;y lj0 ,y lil ;---;y£,o,y£,i)- 

xi,...,x k _i,y 1 , ,yi,i,...,yefi,ye,i^V(H) 
0[xi;...;xk-t;yi,o,yi,i;-->Vt,OiVi,i]QP 

and let deve(H) := dev t y(H) k (H) ■ 
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Note that by definition, Deviation[£] is the property that dev^(if n ) = o(n k+t ). Also, 
CliqueDisci/2^] is the property that for all ^-uniform hypergraphs G, dev 0) p(H n ) = o(n k ), 
where P is the collection of tuples which form fc-cliques of G. Finally, Expand^ [&! + ••• + k t ] 
is the property that for all Si C ( j. ), dev 0i p(-ff n ) = o{n k ) where P is now the collection of 
£;-tuples which are formed by taking one element of Si for each i. 

Definition. A set P C V(H) k is called complete in coordinate i if there exists a P' C 
V(H) k ~ l such that P = {(xi, ...,x k ): (x x , . . .,Xi-i,x i+1 , ...,x k ) G P',Xi G V(H)}. 

The following two lemmas are the heart of Chung's [7j proof that Deviation[£] =>- 
CliqueDisci/ 2 [^ — 1], although the lemmas aren't stated separately; they appear implic- 
itly in the proof. 

Lemma 9. (Chung Let H be a k-uniform hypergraph, let P,Q<^ V(H) k , and let 2 < 
£ < k. If Q is complete in coordinate i where k — £ + 1 < i < k, then 

devi jPnQ (H) < deve tP (H). 

Lemma 10. ( Chung fTjj) Let 1 < £ < k, let P C V(H) k , and let H = {iy n } n _»oo be a sequence 
of hypergraphs with \V(H n )\ = n. If devg t p(H n ) = o{n k+t ), then dev^_i i p(if n ) = o{n k+ ). 

The fact that Deviation[£] =>- Deviation[£ - 1] follows from Lemma fTUl for P = V(H) k . 
The fact that Deviation[£] =>- CliqueDisci/2^ - 1] follows from a combination of LemmasEj] 
and [TOj given an (£ — l)-uniform hypergraph G, define P to be the tuples which are k- 
cliques in G and write P as an intersection of sets complete in a coordinate (for details, see 
Lemma l4"5l) . Combining Lemmas 191 and [TUl in a slightly different way proves that Deviation[£] 
=>• Expandi/2[V]- 

Lemma 11. For all 2 < £ < k and all proper partitions tt, Deviation[£] Expandi/2[ir]. 

Proof. Since Deviation[£] =>■ Deviation[£ — 1], by Lemma [7] we just need to prove that 
Deviation[2] =>- Expand [/ci + k-i\ for every k\,k2 with k\ + hi = k. Indeed, every n is a 
refinement of k\ + for some choice of fci and k 2 . Given 5i C ( v j^) and S 2 C ( v ^), 
define 

Pi = {(xi, . . .,x k -2,y,z) e V(H) k : {xi, . . .,x kl -i,y} G Si} , 
P% = {(xi, ■ ■ .,x k -2,y,z) G V(H) k : {x kl , . . .,x k - 2 ,z} G 52} . 

Pi is complete in coordinate k as we can let P[ — {(xi, . . . , x k -2, y) '■ {^1, • • • , a^-i, y} G Si} 
and similarly P 2 is complete in coordinate k — 1. Thus by Lemma [9] and the fact that 
Deviation[2] holds, 

dev 2i p in p 2 (P n .) < dev 2 y (H) k (H n ) = o{n k+2 ). 
Now apply Lemma [TUl to show that 

dev , Pin p 2 (# n .) = o{n k ). (4) 
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But by definition, 



dev ,p in p 2 (-ffn) = ^ r)(xi;...;x k ) 

x 1 ,...,x k £V(H) 
0[x 1 ;...;x k ]CP 1 nP 2 

= ^2 ij(x 1 ;...;x k ) (5) 
(x 1 ,...,x k )£P 1 nP 2 

Let (xi, . . . ,x k ) G Pi H P 2 , let si = {x 1: . . . ,x kl -i,x k -i} and let s 2 = {x kl , . . .,x k - 2 ,x k }. 
Since (xx,...,x k ) G Pi PI P2, we have s\ G Si and s 2 G 5*2. Also, r}{x\\ . . . ;x k ) = — 1 
if Si U s 2 G -E(-ff) and is 1 otherwise. Each (si,s 2 ) G Si x S 2 is counted fcilA^! times 
in (0), since the number of (xi,...,x k ) G Pi H P 2 with . . . , x kl -i, Xjt-i} = Si and 
{x kl , . . . , Xfc_2, x k } = s 2 is /ci!fc 2 !. Thus equations (jlj) and ([5]) combine to show that 

h\k 2 \ ( s 2 ) G Sx x S 2 : Sl U s 2 <£ E{H)}\ - \{(s u s 2 ) G S 1 X S 2 : Sl U s 2 G ) 

is o(n k ). Since fci and fc 2 are constants, this implies that the number of tuples (s 1; s 2 ) G SixS 2 
which are edges of H is | of all such tuples (up to o(n k )), so Expand[&4 + k 2 ] holds and the 
proof is complete. □ 



3 Constructions 

To show a property P does not imply a property Q, we construct a hypergraph sequence 
that satisfies P but fails Q. While Table [1] states several results of this form, we only use 
three constructions. This section defines these constructions and proves several facts about 
them. The constructions are built from random graphs and random hypergraphs, so we are 
actually defining three probability distributions over n-vertex, fc-uniform hypergraphs which 
we call Ai(n,p), B^{n,p) and D(n, 1/2). As is typical in random graph theory, we will abuse 
notation by also writing ^(n,p), B^(n,p) and D(n, 1/2) for a particular hypergraph drawn 
from these distributions. Most likely, these constructions can be made explicit by replacing 
the use of the random hypergraph with a quasirandom hypergraph. 

Before stating the constructions, we briefly state two well known concentration bounds 
on sums of indicator random variables. For more details, see [2J. 

Lemma 12. ( Chebyshev's Inequality) Let Xi, . . . , X n be indicator random variables, let 
X = Y J X i , and let a = ELY] and a 2 = Var(X) = E[(Y - a) 2 ]. For every e > 0, 

2 

F[\X-a\>ea] < ^~ 

Lemma 13. (Chernoff Bound) Let < p < 1, let Xi, . . . ,X n be mutually independent 
indicator random variables with PLYj = 1] = p for all i, let X = ^ -^i; an d ^ A 4 = ELY] = 
pn. Then for all a > 0, 

F[\X - a\ > a] < 2e~ a2/2n . 
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< en k . 



Construction of Ai(n,p). For n&N, 2<£<k — 1, and < p < 1 wift p G Q 
so p = | with a, b G Z + , define a probability distribution A((n,p) on k-uniform, n-vertex 

hypergraphs as follows. Let c : E(Kn ' 1 ) — > {0, . . . , b — 1} be a random b-coloring of the edges 
of the complete [-uniform hypergraph where each edge receives each color with equal 
probability independently of all other edges. Let the vertex set of Ai(n,p) be V(K„ ) and 
make W C V(Ai(n,p)) a hyperedge of Ai(n,p) if \W\ = k and 

c({x%, . . . , xt}) < a (mod b). 

{xi,...,x e }C-W 

Lemma 14. For every e > 0, with probability going to one as n goes to infinity, 

\E(A e (n,p))\-p{ 

Proof. Let W C V(A e (n,p)) with \W\ — k and let {x x , . . . ,x £ } C W. Define 

A= c({ Vl ,...,y e }). 

{yi,---,ye}QW 
{xi,...,x e }^{yi,...,yi} 

Now thinking of A as fixed, there are exactly a choices for c({x\, . . . ,xe}) such that A + 
c({xi, . . . ,Xi}) < a (mod b). Since the edge {xi, . . . ,xg} receives each color with equal 
probability, the probability that W is an edge of Ag(n,p) is f = p. Therefore, the expected 
number of edges of Ai(n,p) is p(^). 

By the second moment method, with probability going to one as n goes to infinity, 
| ^(^(ri, p)) | — p(l)\ < tn k . Indeed, for each fc-set W in V(Ag(n,p)), define an indicator 
random variable Xw where Xy/ = 1 if W is an edge of Af (n, p). Let X = ^2 Xw so that X = 
\E(Ae(n,p)) \ and n = ELY] = . Let e = | so that \X— fi\ < e/i implies that \E(Ai(n,p)) — 
p{j}}\ < enk '■ Since X is the sum of indicator random variables, the variance Var(X) = 
Y^ w Var(X w ) + 2^2 WW , Cov(X w , X w >). The event U X W = 1" will depend on l X w > = 1" 
if and only if W and W intersect, so there are at most n 2k ^ 1 dependent pairs (X w , X w >). 
This implies that there are at most n 2 ^ 1 pairs (X W ,X W >) with Cov(X w , X W i) ^ so that 
Var(X) = o(n 2k ). Since /i 2 = Q(n 2k ), Chebyshev's Inequality (Lemma [T2|) implies that 
P [\X — fi\ > e/i] — > as n — > oo, completing the proof. For more details on the second 
moment method, see [2]. □ 

Construction of B^(n,p). Let n = (ki,...,k t ) be a proper ordered partition of k, let 
n G N ; and let < p < 1 with p G Q so p = | with a, b G Z + . Define a probability 
distribution B^n^) on k-uniform hypergraphs with vertex set [n] as follows. For 1 < % < t, 
let Ci : (vj) — > {0, . . . , b — 1} be a random b-coloring of the hyperedges of the complete n- 
vertex, ki-uniform hypergraph where each hyperedge receives each color with equal probability 
independently. Form a k-uniform hypergraph B^(n,p) on vertex set [n] as follows. Let 
W C [n] with \W\ = k and partition W into W\, . . . , Wt such that \Wj\ = kj and for all 
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j < £, every element ofWj is smaller than every element of We. In other words, W\ is the 
set of first ki vertices of W in the ordering, W 2 is the set of next k 2 vertices, and so on. 
Make W a hyperedge of B^(n,p) if 

t 

^2 c i( W i)<a (mod b). 
i=i 

Lemma 15. For every e > 0, with probability going to one as n goes to infinity, 

\E{Bz{n,p))\-p\ 



< en k . 



Proof. Let W G ( [ £ J ) and let W 1: . . . , W t be the partition of W as in the construction. Let 
A = Y^iZi c (Wi). There are exactly a choices for c(W t ) such that A + c(W t ) < a (mod b) so 
the probability that W is a hyperedge is | = p. Since two fc-sets will depend on each other 
only if they share at least one vertex, the second moment method implies that with high 
probability, \E(B^(n,p))\ = ± en k . □ 

Construction of D{n, |). For k > 3 and n G N, define a probability distribution D(n, |) 
on k-uniform, n-vertex hypergraphs as follows. Let G = |) be the random (k — 1)- 

uniform hypergraph with edge probability |. For eac/i T e (^^i"' 5 ^) ; select a (k — 2)-subset of 
T uniformly at random from among all (k — 2)-subsets ofT. Call the chosen (k — 2)-subset of 
T the head ofT and note that the choice of the head ofT is selected independently of all other 
choices for heads for other k-sets. IfT = {x±, . . . ,Xk-2,U,z} where {xi, . . . ,x k _ 2 } is the head, 
make T a hyperedge of D(n, |) if either both or neither of {xi, . . . ,Xk- 2 ,y}, {%i, ■ ■ ■ , Xk-2,z} 
are edges of G. 

Lemma 16. For every e > 0, with probability going to one as n goes to infinity, 

1 fn\ 

< en". 



\E(D(n,l/2))\- 2K . 

Proof. Let T G P 7 ^ ^ 1 / 2 ^. Conditioning on the choice of head {xi, . . . ,x k _ 2 } and the be- 
havior of {xi, . . . , Xk- 2 , y} in G, the set {xi, . . . , x^- 2 , z} is a hyperedge of G with probability 
|, so the probability that T is a hyperedge of D(n, 1/2) is |. Since two fc-sets will depend 
on each other only if they share at least k — 1 vertices, the second moment method implies 
that \E(D(n, 1/2)) | = ± tnk with hi £ h probability. □ 

The next few sections prove that with high probability, A(n,p), B^(n,p), and D(n, |) 
satisfy and fail the following properties. 

— Satisfies: Expand[7r] for all n, CliqueDisc[£ — 1], and Deviation[£]. 
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— Fails: CliqueDisc[£] and Deviation^ + 1]. 

• Bz(n,p) 

— Satisfies: Expand[7r'] for n ^ n' and CliqueDisc[£] for £ < max7r. 

— Fails: Expand[7r] and Deviation[2] 

• D(n,\) 

— Satisfies: Expand[7r] for all 7r, 

— Fails: Deviation[2] 



3.1 Failure of quasirandom properties 

Lemma 17. (Ai(n,p) fails CliqueDisc[£]) For 2 < £ < k — 1, with probability going to one 
as n goes to infinity, there exists an t-uniform hypergraph G on vertex set V(A e (n,p)) such 
that 



K k (G)nA e (n,p)\-p\lC k (G)\ 



1 — p fn 



2b kl \k 



Proof. Let G be the graph with vertex set V(A£(n,p)) and edge set the set of edges of Kn 
colored zero in the definition of Af(n,p). With high probability, the second moment method 

implies that the number of /c-cliques in G is + o{n k ). By definition, Ae(n,p) will 

intersect all of the A;-cliques of G so 

\JC k (G) nAe(n,p)\ - p\fC k {G)\\ = (1 -p)\K, k {G)\ = (1 -p)b~® Q + o(n k ) 

with high probability. □ 

Lemma 18. (Ai(n, \) fails Deviation^ + 1]) For 2 < I < k — 1, there exists a constant 
C > such that dev e+1 {A e (n, 1/2)) > Cn k+e+1 . 

Proof. We will prove that every non-degenerate squashed octahedron induces an even number 
of hyperedges of A e (n, 1/2). Let x u ... , x k -t-i,yi,o, Vi,i, • • • , yi+i,o, Ve+i,i e V(A e (n, 1/2)) be 
distinct vertices. We claim that . . . ; Xk-e-i', yi,o, Ui,i] ■ ■ ■', Ue+i,o, ye+i,i]^E(H) \ is always 

even. Define P x = {xi}, . . . , Pk-e-i = {xk-e-i}, Pk-e = {yi,o, Ui,i}, ■■■,Pk = {ye+i,o, Ve+i,i} 
so that Pi, . . . ,Pk are the parts of the squashed octahedron. Let c : C v( - A ^ 1 / 2 ^ — y {0, 1} 
be the random coloring used in the definition of At{n, 1/2). For a fc-set T, define 

C (T) = C ( Z ) ( mod 2 )- 

ZCT 
\Z\=t 

Lastly, define T to be the collection of fc-sets which take exactly one vertex from each Pj. 
Claim: EtgT c ( T ) = ( mod 2 )- 
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Proof. Expand the definition of c(T) to obtain 



E c ( T ) = EE c ( z ) ( mod2 )- ( 6 ) 

TeT TeT zct 

\Z\=l 

Let Y z = {k — £ < i < k : Z PI Pi = 0} and notice that c(Z) appears 2' Fz times in fl6]). 
Indeed, to form a fc-set T containing Z, there is a choice between y^o and y^i for each i e V z- 
Since there are £ + 1 parts with two vertices and \Z\ — £, \Tz\ > 1. This implies that each 
c(Z) appears an even number of times in ([6]), finishing the proof of the claim. □ 

By definition, T is a hyperedge of Ag(n, 1/2) if and only if c(T) = (mod 2). Thus the 
claim implies that the number of Ts which are not hyperedges is even, but since the squashed 
octahedron has an even number of edges total, the number of Ts which are hyperedges is 
then also even. Thus for every squashed octahedron using distinct vertices, the number 
of hyperedges appearing is even. There are {k + t + l)!( fc+ ™ +1 ) squashed octahedrons using 
distinct vertices and the number of degenerate squashed octahedrons is o(n k+e+1 ), completing 
the proof of the lemma. □ 

Lemma 19. (B^{n,p) fails Expand[7T]) For all ordered partitions n of k, with probability 
going to one as n goes to infinity, there exists Si C (^), . . . , St C (^') such that 



e(Si, ... ,S t ) -p\Si\ ■■■\S t 



if k \ p fn 



2\k u ...,k t J bH k \k 



Proof. Divide V(B^(n,p)) = [n] into t almost equal parts X\ — {1, . . ., X 2 = { |_fj + 

1, . . . , [^J }, and so on. For 1 < i < t — 1, let Si C be the set of hyperedges on Xi 

colored zero under q in the definition of B^(n,p). Let St C be the set of hyperedges on 
X t colored a under q in the definition of B^(n,p). 

A k-set formed by taking a fcj-set from Si for each i has color sum a, so is not a hyperedge 
of Bjf(n,p). Thus e(Si, . . . , S t ) = 0. The second moment method implies that with high 
probability \Si\ = |(^) + o(n k *). Therefore, 



A- 



e(S'i,...,S , t ) -pjjl^ 



i=l i=l x ' 

/ n 



k \ p ( 
K...MJ bH k \k 



+ o(n k ) 



with high probability, completing the proof. □ 

Lemma 20. (B^_i ^(n, 1/2) fails Deviation[2]) Fix k > 3 and let tt = (k — 1,1). There 
exists a constant C > such that with probability going to one as n goes to infinity, 



dev 2 (B*(n, 1/2)) > Cn 



k+2 
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Proof. Let xi, . . . , x k -2, Ho, Hi, z o, z i be distinct vertices and recall that the vertex set of 
Brf(n, 1/2) is [n]. There are several cases depending on how the vertices x±, . . . ,Xk-2,yo,Ui, 
Zo, Z\ are ordered in [n\. Let O = 0[x\\ . . . ; x k -2] Ho, Hi] z o, z i] and let C\ : ( fc '"\) — > {0, 1} and 
c 2 : [n] — ?■ {0, 1} be the two random colorings used in the definition of B^(n, 1/2). 

• Case 1: zq and Z\ appear last. In this case, \0 n E(H)\ is always even as follows. 
If c 2 (zo) = 02(^1), then either x\ . . . x k - 2 yo z o and x\ . . . Xk-2Vo z i are both hyperedges 
of Btf(n, 1/2) or neither are hyperedges depending on the value of Ci(xi . . . Xk-2Uo)- 
Similarly, either x± . . . x k _ 2 yi z o an d x 1 . . . x k _ 2 yi z i are both hyperedges or neither are 
hyperedges so the total number of hyperedges induced by O is even. If c 2 (2 ) 7^ c 2 (zi), 
then exactly one of x\ . . . Xk-2Vo z o and x\ . . . Xk-2Vo z i is a hyperedge and exactly one of 
xi . . . Xk-2Ui z o and x\ . . . Xk-2Ui z i is a hyperedge. Thus the total number of hyperedges 
induced by O is even. 

• Case 2: yo and y\ appear last. This case is symmetric to Case 1: the total number of 
hyperedges induced by O is even. 

• Case 3: Some Xi appears after y and z . In this case, the probability that \0 H 
E{H)\ is even is \. Assume that Xj is the largest vertex among x±, . . . ,Xk-2- The set 
xi... x k ^ 2 yo z o is a hyperedge of B^n, 1/2) if c 1 (x 1 , x^, x i+1 , x fc _ 2 , y , z ) + 
c 2 (xi) = (mod 2). Also, X\ . . -x k ^2yo z o is the only hyperedge of O which tests the 
value of ci(xi, . . . ,Xi-i,Xi + i, . . . ,Xk-2,Vo, z o), since this is the only hyperedge of O 
which includes both yo and zq- Therefore, conditioning on the other hyperedges of 
O and also conditioning on c 2 (xi), with probability |, Ci(x±, . . . , Xi-±, Xj+i, . . . ,Xk~2, 
yo, zo) = so with probability |, Xi . . . Xk~2yo z o is a hyperedge, so with probability |, 
\ODE(H)\ is even. 

• Cases 4-6: Some X{ appears after yo, z i, some Xi appears after yi,z , and some Xi 
appears after yi,z\. These three cases are symmetric to Case 3: the probability that 
\0(~)E(H)\ is even is \. 

Now consider the sum dev 2 (iJ n ): 

dev 2 (H n ) = ^2 r](xi]...;x k - 2 ,yo,yi;zo,zi) 

xi,...,x fc _ 2 >?/0:S'i> 2 o,2ieCases 1,2 

+ ^2 v(xi;...;x k _ 2 ;yo,yi, z o, z i) 

xi,...,Xk-2,yo,yi,zo,zieCases 3-6 

In the sum over Cases 1 and 2, rj is always +1 so the sum is at least cn k+2 , where c is 
the fraction of octahedrons in Cases 1 and 2. Dividing the vertices in half, choosing Zq,Zi 
from the second half and all other vertices from the first half is a lower bound on c, so 
c > 2~ k ~ 3 . The expected value of the sum over Cases 3-6 is zero by linearity of expectation. 
Since two octahedrons will depend on each other only if they share a vertex, the second 
moment method implies that with high probability the sum over Cases 3-6 is at most |n fc+2 
in absolute value. Thus with high probability, dev 2 (-£f n ) > ^n k+2 . □ 
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Lemma 21. (D(n, 1/2) fails Deviation[2]). Fix k > 3. There exists a constant C > such 
that, with probability going to one as n goes to infinity, 

dev 2 (D(n, 1/2)) > Cn k+2 . 

Proof. This proof is very similar to the proof of Lemma [201 Let X\, . . . , x^-2, Vo, Vi, Zo, z\ be 
distinct vertices and let G = G^ k ~ l \n, 1/2) be the random hypergraph used in the definition 
of£>(n,l/2). 

• Case 1: {xi, . . . ,Xk~2\ is the head of every fc-tuple in O. In this case, \0 fl E(H)\ is 
always even. Indeed, let and consider the tuples of O ordered cyclically 
as xy z , xy z\, xyiZi, and xyiz . These tuples will be hyperedges depending on if 
xy , xzi, xyi, and xz are edges of G or not. Considering these tuples cyclically, each 
transition between edge and non-edge of G implies a missing hyperedge of O and each 
transition between edge and edge or between non-edge and non-edge of G implies a 
hyperedge of O. Since there are an even number of transitions (the tuples are cyclically 
ordered), \0 fl E(H)\ is always even. 

• Case 2: {xi, . . . ,Xk-2} is not the head of some tuple in O. In this case, \0 fl E(H)\ 
is even with probability |. Assume by symmetry that y$ is included in the head of 
X\ . . . Xk-2yoZo- Then x\ . . . Xk-2yoZo is a hyperedge depending on if two (k — l)-sets 
are in G, and at least one of these (k — l)-sets include both yo and zq. This (k — 1)- 
set including both y and zq is only tested as part of deciding if x\ . . . Xk-2yoZo is a 
hyperedge, since this is the only tuple of O which includes both y and z . Thus 
conditioning on all other tuples of O, x% . . . Xk-2yo z o is a hyperedge with probability ~ 
so the number of tuples of O which are hyperedges is even with probability |. 

Similar to the proof of Lemma |20| divide the sum dev 2 (i? n ) into two sums by case. The 
sum over Case 1 is at least cn k+2 for some c > and the expected value of the sum over 
Case 2 is zero. Thus with high probability, dev2{H n ) > ^n k+2 . □ 

3.2 Expansion 

In this section, we show that with high probability A 2 (n,p), B^/(n,p), and D(n,^) satisfy 
Expand[7r] if it' is not a refinement of ir. The proof generalizes to show that At(n,p) satisfies 
Expand[7r] for all £, but this is not required so the proof is omitted. To show these construc- 
tions satisfy Expand[/r], we take advantage of a theorem of the current authors [22] which 
shows that two properties on counting subgraphs are equivalent to Expand[7r]. Counting 
subgraphs is easier than showing Expand[7r] holds, so using [25] simplifies the proof. 

Definition. Let k > 2 and let 7r = k\ + • • • + k t be a proper partition of k. A k-uniform 
hypergraph F is 7r-linear if there exists an ordering E\, . . . , E m of the edges of F such that for 
every i, there exists a partition of the vertices of Ei into A^i, . . . , Ai^ t such that for 1 < s <t, 
\Ai, s \ = k s and for every j < i, there exists an s such that Ej fl Ei C Ai )8 . 
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Definition. Let k > 2 and let it = k% + k 2 be a partition of k into two parts. The cycle C^a 
of type 7r and length four is the following hypergraph. Let X 1; X 2 , Y\, Y 2 be disjoint sets with 
\X\\ = \X 2 \ = k\ and \Y\\ = \Y 2 \ = k 2 . The vertex set of C^a is X\ U X 2 U Y\ U Y 2 and the 
edge set is {Xi U Yj : 1 < i, j < 2}. 

Among other things, the current authors [25] proved that the properties Count [ir- linear] 
and Cycle 4 [7r] (defined below) are equivalent to Expand[7r]. If F and H are hypergraphs, 
a labeled copy of F in H is an edge-preserving injection V(F) — > V(H), i.e. an injection 
a : V(F) — > V(H) such that if E is an edge of F, then {a(x) : x G E} is an edge of H. 

Theorem 22. (125^ ) Let 7-L = {-f^ n }n-s>oo be a sequence of k-uniform hypergraphs where 
\V(H n )\ = n and \E(H n )\ > + o(n k ). Let n be any proper partition of k. Then H 
satisfies Expandpfir] if and only ifH satisfies 

• Countpfr -linear]: If F is an f -vertex, m-edge, k-uniform, rc-linear hypergraph, the 
number of labeled copies of F in H n is p m n^ + o(n^). 

In addition, if ix = k\ + k 2 is a partition into two parts, % satisfies Expandpfr] if and only 
ifH satisfies 

• Cycley ^fn]: The number of labeled copies of ' C n A ^ n H n is at most p 4 n 2h + o(n 2k ). 

Note that [25] actually defines a cycle C^pt for any proper partition 7r and any £ > 2 
and equates counting cycles with Expand[7r], but the full definition of C^pi is complicated 
and not required in this paper. Therefore, we only state the definition of cycles and the 
equivalence between counting cycles and expansion for partitions into two parts. 

Lemma 23. (A 2 (n,p) satisfies Cycle 4 [ki, k 2 J) For k = k\ + k 2 with fcj > 1 ; e > 0, and 
< p < 1, with probability going to one as n goes to infinity, the number of labeled copies of 
C kl +k 2 £ m A 2 (n,p) satisfies 

\#{C kl+k2A in A 2 (n,p)} -p^n 2k \ < en 2k . (7) 

Proof. Let c : E(K n ) — > {0,...,b — 1} be the random coloring used in the construction 
of A 2 {n,p). The cycle C^a has four edges with four vertex groups Xi, X 2 ,Yi,Y 2 where 
\Xi\ = ki and \Yi\ = k 2 for all i and Xi U Yj are hyperedges for all i,j. Let us pick disjoint 
sets Xi, X 2 ,Yi,Y 2 of vertices of A 2 (n,p) and compute the probability that each Xi U Yj 
is a hyperedge of A 2 {n,p). We claim that the probability that Xi U Yj is a hyperedge of 
A 2 (n,p) is p independently of if the other pairs are hyperedges or not. The only possible 
dependence between the events "JQ U Yj is a hyperedge of A 2 (n,p)" and the event "Xy U Yj> 
is a hyperedge of A 2 (n,p)" would come from the edges of K n appearing in the intersection 
of the two hyperedges. But even conditioned on exactly the behavior of the colors of 
and the colors of , Xi U Yj is an edge with probability p. This is because if is a pair 
of vertices with one endpoint in Xi and one endpoint in Yj, even conditioning on the color 
of every pair in ( Xi 2 Yj ) besides {xi,yj}, the set Xi U Yj is a hyperedge of A 2 (n,p) or not 
depending only on the color of Xiyj (similar to the proof of Lemma [H]). 
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Thus since each XiUYj is a hyperedge of A 2 (n, p) with probability p, the expected number 
of labeled cycles in A 2 (n,p) is p 4 (2k)\ (™) . Since two cycles will depend on each other 
only if they share at least one vertex, the second moment method implies that with high 
probability the number of labeled cycles in A 2 (n,p) is p A n 2k ± en 2k . □ 

The above proof generalizes in a straightforward manner to show that Ag(n,p) satisfies 
Cycle 4 [A; 1 + k 2 ], although we do not require this fact in this paper. Also, since every partition 
7r is a refinement of k\ + k 2 for some k x and k 2 , Ai(n,p) satisfies Expand[7r] for all n. 

Lemma 24. (Bjf/(n,p) satisfies Count [F] for ir-linear F) Let it and n' be proper partitions 
of k such that n' is not a refinement of n. Let n' be any ordering of the entries of n' and let 
F be a n-linear hypergraph with v vertices and m edges. For any e > and < p < 1, with 
probability going to one as n goes to infinity, 

\#{Fin B#{n,p)} - p m n v \ < en v . 

Proof. Let F be a 7r-linear hypergraph with v vertices, labeled f\, . . . , f v , and let x±, . . . , x v G 
V(Bjfi(n,p)) be a list of v distinct vertices of Bj?i{n,p). Define an indicator random variable 



X(F; x u ...,x v ) 



1, if Bjf/[{xi, . . . , x v }] is a labeled copy of F with xi mapped to fi, 
otherwise. 



Claim: For any 7T-linear hypergraph F, and any distinct vertices x±, . . . ,x v G V(B^(n,p)), 
we have F[X(F; x u . . . , x v ) = 1] =p\ E ^\. 

Proof. The claim is proved by induction on the number of edges of F. If F has no edges, 
then X(F;xi, . . . ,x v ) is always one. For the inductive step, let E be the last edge of F 
in the ordering provided by the 7r-linearity of F, and let m = \E(F)\. We may assume 
that the vertices of F are labeled so that E = {f 1 , . . . , /*.}. Let F' be the hypergraph with 
V(F') = V(F) and E(F') = E(F) - E. Then 

F[X(F; Xl ,...,x v ) = 1] =F[{x 1 ,...,x k }eE(B j ;,(n,p))\x(F';x 1 ,...,x v ) = 1] 

F[X(F';x 1 ,...,x v ) = l}. (8) 

By induction, F[X(F';xi, . . . ,x v ) = 1] is p" 1 ^ 1 so let us investigate the probability that 
{xi, . . . , Xk} forms an edge of B^i(n,p) conditioned on xi, . . . , x v forming a copy of F' . The 
way we test if {x 1: . . . ,x k } forms an edge of B^(n,p) is to sort the x { s according to the 
underlying ordering of V(Bjf(n,p)) and test the color sum of the 7r'-groups. More precisely, 
let 7] be the permutation of [k] such that x v m < < • • • < x v ^) and let 7r' = (k[, . . . , k' t ). 
Divide the x v ^s up into blocks D±, . . . , D t so that D\ consists of 2^(1), . . . , x^^), D 2 consists 
of the next k 2 vertices, and so on. The set {x 1: . . . , x k } will be an edge of B^{n) if < 
a (mod b). 

Since it' is not a refinement of 7r and F is 7r-linear, there is some block Di such that no 
edge of the copy of F' on xi, . . . ,x v completely contains the block D^. To see this, assume 
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for contradiction that every block is completely contained in some edge of F'. Since F is 
7r-linear, there exists a partition of the vertices of E into groups according to the partition tt 
such that every edge of F' intersects at most one of these parts. If every block Di (which came 
from the tt' partition) was completely contained inside some edge, it would be completely 
contained inside the corresponding part of the 7r-partition of E. This assignment of blocks 
to parts of the 7r-partition of E shows that tt' is a refinement of tt, which is a contradiction. 

Thus there exists some block Di which is not contained inside any edge of the copy of F' 
on xi, . . . , x v , so the event "Dj e E(Gi)" is independent of the event U X(F', xi, . . . , x v ) = 1". 
Moreover, the event u {xi, . . . ,x k } forms an edge of B^/(n,p)" can be written in terms of the 
event "Z^ G E{Gj)" since no matter what happens to Dj for j ^ i, Di has probability 
p = | of making the total color sum in {0, . . . , a — 1} (similar to the proof of Lemma [T5|) . 
Combining this with (JBJ) and induction on the number of edges finishes proves the claim. □ 

By linearity of expectation, the expected number of labeled copies of F in B^t(n,p) is 
p m v\(^j. Since two events will depend on each other only if the copies of F share at least 
two vertices, the second moment method implies that with high probability, the number of 
labeled copies of F is p m n v ± en" . □ 

Lemma 25. (D(n, |) satisfies Cycle^[k\ + k 2 ]). For k = ki + k 2 with ki > 1, e > 0, and 
< p < 1, with probability going to one as n goes to infinity, the number of labeled copies of 
Ck 1 +k 2 ,i ^ n D{n, 5) satisfies 

\#{C kl+k2 , 4 in D(n,l/2)} - (l/2)V fc | < m 2k . (9) 

Proof. This proof is very similar to the proof of Lemma |23| we will show that the probability 
that some 2k vertices form a labeled copy of C W) 4 in D(n, 1/2) is 2 -4 and use the second 
moment method for concentration. Let G = 1/2) be the random hypergraph used 

in the definition of D{n, 1/2). Let Xi, X2, Yi, I2 be disjoint sets of vertices of D(n, 1/2) 
with \Xi\ = k\ and |Yi| = k 2 . We claim that the probability that Xi U Yj is a hyperedge of 
D(n, 1/2) is I independently of if the other pairs are hyperedges or not. Indeed, let R be 
the head of Xi U Yj and z\ and z 2 the other two vertices of XiUYj, and notice that since 
\R\ = k — 2 either R U {zi\ or R U {^ 2 } (or both) intersect both Xi and Yj. Say i? U {^i} 
intersects both Xi and Yj. Since the sets Xi, X 2 ,Yi,Y 2 are disjoint, Xi U Yj- is the only 
hyperedge of the cycle to test if R U {^i} is in G or not. Since RU {z{\ is an edge of G with 
probability ^, Xi U Yj is a hyperedge of -D(n, 1/2) with probability | independently of the 
other hyperedges of the cycle. 

Thus the expected number of labeled four-cycles in D(n, 1/2) is 2 _4 (2/c)! Q!J and by the 
second moment method, with probability going to one as n goes to infinity, the number of 
labeled copies of in D(n, 1/2) is 2~ 4 n 2fc ± en 2k . □ 

3.3 Clique Discrepency 

In this section, we show that Ai + i(n,p) and Bjf(n,p) satisfy CliqueDisc[£] for tt = (i + 
1,1,..., 1). The proof generalizes to show that Bj?(n,p) satisfies CliqueDisc[£] for all 7r 
with max tt > £, but this generalization is not required for Table [1] so the proof is omitted. 
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Lemma 26. (Ai + i(n,p) satisfies CliqueDisc[£]) Let 1 < I < k — 1 andO < p < 1. For every 
e > 0, with probability going to one as n goes to infinity, for every i-unijorm hypergraph F 
on vertex set [n], 



\K, k {F)nE{A l+1 {n,p))\-p\K, k {F)\ 



< en K 



(10) 



Proof. Let A = Ai + i(n,p) and let c : (^Y^) — > {0, . . . , b — 1} be the random coloring used 
in the definition of A. Fix some I- uniform hypergraph F on vertex set V(A) and let us 
compute the probability that F is bad, where bad means that (flOj) fails. Let X\, . . . ,x k -e-\ 
be distinct vertices and define 

W xu ^ Xk _ t _ x = jit; e U^-jJ : w u { x i> • • • e Kk(F) 



Y a 



x 1 ,...,x k _ t 



_ a = {w U {xi, . . . , x fc -£_i} :w6W; 



Call xi, . . . , Xfe-^-i frad if 



x 1 ,...,x k _ 



..n^i-piy,,,... 



^fc-f-i 



> en 



(11) 



If F is bad, then some xi, . . . , x k -i-\ is bad. Indeed, if every x±, . . . , Xk-e-i was good, then 



\K k {F)f}E{A)\-p\lC k {F)\ 



< 



< 



k 

k-e-i 
k 



-i 



{x 1 ,...,x fc _,_ 1 }e( fc ^ A _' 1 ) 



X\,...,X h -l-\ 



E 

{« 1 ,.., a> *_ < _ 1 }e( k ^ 1 ) 

E v4 



\Y Xl _ Xk _ e _ i nE(A)\-p\Y Xl _ Xk _ e _ 1 \ 



e+i 



en 



k-e-i 



< 



(fc-i-i) ^i+x 

ik-t-l) 
( 2.8n \ 



(fc-£-l) 
2.8 



/, \k-e-i 

k-l-l 



en 



e+i 



en h . 



24 



Since 1 < i < k — 1, we have k > 3 so that (^-) fc+£ < 1- Thus if every sci, . . . , was 
good, F would be good. Therefore, using the union bound, the probability that F is bad is 
ih-e-i) times the probability that x%, . . . , x^-e-i is bad. 

Let us compute the probability that xi, . . . ,x k -e-i is bad. For each w G W xl) _ jXk _ t _ v 
define X w as the following indicator random variable: 

{1 if c(r) < a (mod b) 

otherwise. 

Notice that the event U X W = 1" is mutually independent of the events "X w i = 1" for w' ^ w, 
since X w is the only event to test the color assigned to w. Indeed, conditioning on all other 
r e (™ u W>^*-*-i}) w ith r ^ w, the probability that X w = 1 is p. Let X = Y,X W and 
fi = E[X] and notice that X = \Y Xlj ^ k _ t _ i nE(A)\ and /i = p\W Xu ... tXk _ e ^ \ =p|l^ 1 ,...,a! fc _ i! _ 1 |- 
Thus (|lip becomes |X — y\ > en e+1 . 

Next, by Chernoff's Bound (Lemma [T3]), there exists a constant c depending only on e 
such that 

P [\X-fi\ > en e+1 ] < e- cnt+ \ (12) 

Indeed, let a = en e+1 and let n' = \W x - i _ Xk _ t _^ \ < be the number of indicator random 
variables. Then by Chernoff's Bound, P[|X - p\ > a] < 2e- a ' 2 / 2n ' < 2e~ e2nt+1 / 2 < e~ cnl+1 if 
c = e 2 /4. 

If F is bad, then some x\, . . . , Xk-i-i is bad, so the union bound implies that the proba- 
bility that F is bad is at most 

n \ -cnW < -cn l ^j2 

k-e-ij 

Apply the union bound again to compute the probability that some F is bad. There are at 
most 2 n choices for F so the probability that some F is bad is at most 

2ii e e ~cn e+1 /2 < e -cn e+1 /4 

which goes to zero as n goes to infinity, completing the proof. □ 

Lemma 27. (B£ +1 i t „ i(n,p) satisfies CliqueDisc[£]) Let 1 < £ < k — 1, < p < 1 ; and let 
7T = (£ + 1, 1, . . . , 1). For every e > 0, with probability going to one as n goes to infinity, for 
every i-unijorm hypergraph F on vertex set [n], 

K k {F) n B*(n,p)\ -p\JC k {F)\ | <en k . (13) 

Proof. This proof is similar to the proof of the previous lemma. Fix some ^-uniform hyper- 
graph F on vertex set V(B^(n,p)) = [n] and let us compute the probability that F is bad, 
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where bad means that ( !T3|) fails. Recall that since tt = (£ + 1,1,..., 1), B^(n,p) is built 
from a random coloring C\ of the complete (£ + l)-uniform hypergraph and k — £ — 1 random 
colorings c 2 , . . . , Ck-e of the complete one- uniform hypergraph. 

Fix k — £— 1 distinct vertices x 2 , ■ ■ ■ , Xk-i with x 2 < ■ ■ • < Xk-i and let W be the collection 
of (£ + l)-sets which contain elements earlier than x 2 in the ordering and also form a clique 
of size k in F when added to x 2 , ■ ■ ■ , Xk-e- More precisely, 



X2, 



w : w G 



[X 2 ~ 1] 
£+1 



,wU {x 2 , ■ ■ .,x k -i} G K, k {F) 



Notice that we define W X2y ..^ Xk _ e as (£ + l)-sets of elements smaller than x 2 , so that asking if 
, Xk-e} is an edge of Bj?(n,p) consists of asking about the color of w in c\ and the 
colors of X2, • • • , Xk-i in c 2 , . . . , Ck-e- Since x 2 , ■ ■ ■ , Xk-e are fixed, define A = Yl^Zt. c i( x j)- 



wU{x 2 , 



For each w G W T 



define a random variable X,„ as follows. 



1 if ci(w) + A < a (mod 6), 
otherwise. 



Since A is fixed, the expectation E[X W ] = | = p. Also, all these indicator random variables 
are mutually independent. Define Ga to be the (£ + l)-uniform hypergraph on vertex set 
V(Bjf(n,p)) whose hyperedges are the {£ + l)-sets receiving colors {—A, —A + 1, . . . , —A + 
a — 1} (mod b). Define X = J2X W and /i = E[X] = p\W X2t ,,, tXk _ e \. Consider an {£ + l)-set 
w in E(Ga) H W X2r „ )Xk _ r Then the color sum of w U {x 2 , . . . , x^-i} is between and a — 1 
(mod 6) so that u> U {x 2 , . . . ,Xk-i} is a hyperedge of B^(n,p) and X to = 1. In the other 
direction, if X w = 1 then the color sum of w U {x 2 , . . . , Xk-e} is between and a — 1 (mod 6) 
which implies that u> G E(G&). Therefore, X = \E(Ga) H W X2 ^„ tXk _ e \. 

By a similar argument as in the proof of Lemma [261 the Chernoff Bound (Lemma [T3|) 
implies that there exists a constant c > such that 



P [|X 



H\ > erl 



]< 



(14) 



Call X2, • • • , 6ad if 



IX 



/'I 



s(G A ) n w 7 ; 



X2,--;X k - 



-pW X2 



, x k-e 



> en 



Next, we claim that if F is bad then there exists some choice of x 2 , ■ ■ ■ , Xk-e which is bad. 
To see this, notice that the fc-cliques of F can be partitioned based on their k — £ — 1 largest 



vertices. Let Y q 



X2,—,Xk-i 



{w U {x 2 , • • • , x k -e} ■ w G W c 



There are at most LJI J < n k £ 1 sets Y 3 



x2,—,Xk-e 



} so that fCk(F) = UF a 



x 2 ,...,x k _ e - 



X 2 ,...,X k _ e 



and they are all disjoint, so if F is bad 



then there is some x 2 , ... , Xk-g such that 



\E{Bt{n,p))nY X2 



;Xk-i 



-p\Y a 



X2,...,X k _ e 



> en 



(15) 
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But \E{B^{n,p)) n Y X2! ... tXk _ e \ = \E(G A ) n W X2 ^ Xk _ t \ and (K^,...,^! = \W X2! ... ;Xk _J, so that 
HT5]) implies that x 2 , . . . , x^-i is bad. 

By the union bound, the probability that F is bad is the number of choices for x 2: • • • , Xk-£ 
times the probability that x 2 , . . . , Xk-e is bad, which is bounded by (flij) . Thus the probability 
that F is bad is at most 

;/ \ e -cn e + 1 < e -cn £ +V2 



k-e-i 



We apply the union bound again to compute the probability that some F is bad. There are 

£ 

at most 2 n choices for F so the probability that some F is bad is at most 

2n e e -cn e+1 /2 < e -cn e+1 /4 

which goes to zero as n goes to infinity, completing the proof. □ 

While not required in this paper, the above proof generalizes to prove that B^(n,p) 
satisfies CliqueDisc[£] for all it with max7r > £. If max7r = ki, then the Chernoff Bound 

k ■ t 

will imply a bound of e~ cn 1 which is enough to dominate the term 2 n from the number of 
^-uniform hypergraphs F. 

3.4 Deviation 

Lemma 28. (Ag(n, 1/2) satisfies Deviation[£]) For every e > 0, with probability going to 
one as n goes to infinity, 

dev e (A e (n, 1/2)) < en k+i . 

Proof. This proof is similar to the proofs of Lemmas EH] and EH except that in all cases the 
probability that a squashed octahedron is even is |. Let xi, . . . , Xk-e, yi,o, 2/1,1, . . . , ye,o, ye,i 
be distinct vertices and let c : ^ v '( Af ("' 1 / 2 ))) — > {0, 1} be the random coloring used in the 
definition of At(n, 1/2). Let G be the ^-uniform hypergraph whose hyperedges are those 
£-sets colored one. Note that by definition, a set T of k vertices is a hyperedge of Ae(n, 1/2) 
if \E(G[T})\ is even. 

Let O = 0[xi] . . . ; Xk-e, 2/1,0, 2/1,1 ; • • • ; 2/£,o, Vt,i]- We will show that with probability |, 
\0 fl E(Aji(n, 1/2))| is even. Consider the tuple (xi, x^-^ 2/1,0, 2/£,o) G O and let 

Y = {2/1,0, • • • , 2/£,o}- Note that {x h x k -e, 2/1,0, • • • , 2/£,o} is a hyperedge of A £ (n, 1/2) if the 
number of edges of G induced by {xi, . . . , Xk-i, 2/1,0, • • • , V£,o} is even. But this tuple is the 
only tuple of O to test if Y is an edge of G or not, since no other tuple in O contains Y. Thus 
conditioning on all other tuples in O and all other ^-subsets of {xi, . . . , Xk-i, 2/1,0, • • • , 2/^,o}, 

Y G E(G) with probability \ so x\ ... Xk-£yi,o ... 2/^,0 is a hyperedge of ^(n, 1/2) with 
probability | so |0 n E(A £ (n, l/2))\ is even with probability |. The expected value of 
the sum dev^(/Lj(n, 1/2)) is zero, and the second moment method shows that, with high 
probability, dev^(^(n, 1/2)) < en k+e . □ 
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4 Non-implications in Table H 



This section completes the proof of Tabled] using the hypergraphs constructed in the previous 
section. The proof technique to construct hypergraph sequences satisfying some property 
and failing some other property is a diagonalization argument and is similar for all the 
results in Table [U First we use the probabilistic method to prove that for every e > and 
every n > n , with high probability there exists a hypergraph satisfying some property and 
failing another. We then construct a hypergraph sequence by creating a hypergraph for each 
e — l/n via diagonalization. Since all the proofs are very similar, we only give the full proof 
of Expand[7r] 7^ Expand^'] when tt' is not a refinement of tt. 

Lemma 29. Let < p < 1 with p G Q and let tt and tt' be proper partitions of k such that 
tt' is not a refinement of tt. For every e > 0, there exists a N such that for n > N there 
exists a hypergraph B on n vertices such that 



\E(B)\-P(l) 



< erf 



If tt' = k[ + ■ • ■ + k' t , then there exists S[,...,S' t with S' { C ( y ^) and a constant C > 
depending only on p, k, tt' , and t such that 



e(S' 1 ,...,S' t )-p\S[\...\S' t \\>c(^ 



• For every ir-linear hypergraph F with v vertices and e edges where v < e 1 , 

\#{Fin B}-p e n v \ < en v . 

Proof. Let Vq = e~ l and let rj = 2~ v °~ l . By Lemma [T5| N can be chosen large enough so that 
for n > N , with probability at most r], B — B^i(n,p) has \E(B) — p(Z)\ ^ er>k ■ Similarly, 
for each of the at most 2 V ° 7r-linear hypergraphs F with at most v vertices, Lemma 125] 
shows that we can choose N Q large enough so that for n > No, with probability at most 77, 
|^{Fin B} — p e n v \ > en". Lastly, by Lemma [T9| we can choose iVo large enough so that for 
n > No, with probability at least 1 — 77, there exists a constant C > and sets S[, . . . , S[ so 
th a t\e(S[,...,S' t )-p\S' l \...\S' t \\>CQ. 

Now fix iVo to be the maximum of the N from Lemma [TJ] the N from Lemma \W\ 
and the at most 2 V ° constants Nq from Lemma [2H Note that the definition of iVo depends 
only on e. Now consider n > Nq and let B = B^/(n,p). With probability at most n, 
\\E(B) \ —p\£) I > tn k . Also, with probability at most 2 v °r] = |, there exists some F with at 
most Vq vertices with \ ^{F'm B}—p e n v \ > en" . By Lemma [T^| with probability at least 1—n, 
there exists a constant C and sets S[, . . . , S' t such that \e(S[, . . . , S' t ) —p\S[\ . . . \S' t \\ > CH. 
Therefore, for all n > Nq, with positive probability a hypergraph drawn from the distribution 
Bjfi {n, p) satisfies all three conditions in the lemma. □ 

Lemma 30. IfO < p < 1 and if tt' is not a refinement of tt then Expand p [Tr] 7^ Expandpfir'J. 
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Proof. Form a sequence of hypergraphs {-B„ q } g -s>oo as follows. Let e = 1/q and let p q be a 
rational with \p q — p\ < e. Apply Lemma I2"9l to p g and e to produce an N (l/q). Let n q be 
the maximum of N Q and |^(-B n _ 1 )| + 1. Now since n q > N (l/q), Lemma |2"91 guarantees a 
hypergraph B nq on n g vertices. The sequence j-^oo will satisfy Count [7r- linear]; indeed, 
given any 5 > and given any 7r-linear hypergraph F with t> vertices and e edges, let 
q = max{y,u}. For all g > g 0) we have that \p q — p\ < | < ^. In addition, since 
v < go < 9> we have that the number of labeled copies of F in S n<i differs from p e q n v q by at 
most Using that \p e q — p e \ < e\p q — p|J§ we have \p e — p e \ < |. Therefore, the number 

of labeled copies of F differs from p e n v q by at most (| + j£)n v q . Thus the number of labeled 
copies of F differs from p e n q by at most 8n q , which implies that Counts-linear] holds for the 
sequence {.B^j^oo. By Lemma |29| there exists a constant C > depending only onp, k, n', 
and t such that the hypergraph B from Lemma [291 has \e(S[, . . . , S' t ) —p\S[\ . . . \S' t \\ > Cm. 
This implies that the sequence {B n } g ->oo fails Expand^']. 

Note that the sequence can be extended to have a hypergraph on n vertices for every n. 
If there is a gap between No(l/q) and n g _i + 1, Lemma [291 can be applied many times for 
e = l/(q— 1) to fill in the gap. Since was chosen bigger than N (l/(q — 1)), Lemma [291 
guarantees a hypergraph for every n bigger than n 9 _i, in particular the integers between 
and N (l/q). □ 

Lemma 31. For all < p < 1 and a// 7r ; Expandfir] CliqueDisc[2]. 

Proof. Use a diagonalization argument similar to Lemmas [29] and [30] based on A 2 {n,p). 
By Lemma [23] with high probability A 2 (n,p) satisfies Expand[7r] and by Lemma [T71 fails 
CliqueDisc[2]. □ 

Lemma 32. For p = | and all tt, Expand^] ^ Deviation[2]. 

Proof. Use a diagonalization argument similar to Lemmas [291 and [301 based on D(n, 1/2). 
By Lemma l25l with high probability D(n, 1/2) satisfies Expand[7r] and by Lemma 1211 fails 
Deviation[2]. □ 

Lemma 33. For < p < 1 and 1 < £ < k - 2, CliqueDisc[£] ^ CliqueDisc[£ + I]. 

Proof. This was proved by Chung [7] for p — | using a construction similar to A^ + i(n, 1/2) 
except the random hypergraph is replaced by the Payley hypergraph. We expand the proof 
to all < p < 1 using a diagonalization argument similar to Lemmas [29] and [30] based on 
Ag + i(n,p). By Lemma 1261 with high probability Ai +1 (n,p) satisfies CliqueDisc[£] and by 
Lemma [T71 fails CliqueDisc[£ + 1]. □ 

Lemma 34. For p = | ; CliqueDiscfk — 2] 7^ Deviation[2]. 

Proof. Let 7r = (/c — 1, 1). Use a diagonalization argument similar to Lemmas [291 and [301 based 
on Btf(n, 1/2). By Lemma [27] with high probability B^(n, 1/2) satisfies CliqueDisc[/c — 2] 
and by Lemma |2"U1 fails Devi at ion [2]. □ 



ForO < a < b < 1, 6 e -a e = (&-a)(6 e - 1 +a6 e - 2 +a 2 6 e - J H ha^fc+a 6 " 1 ) < (6-o)(H hi) = (b-a)e. 
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Lemma 35. For < p < 1, 2 < £ < k — 1, and it = k\ + • • • + k t with kj > £ for some i, we 
have CliqueDisc[£] ^4 Expand^]. 

Proof. Let jf' = 1, ■ ■ ■ , 1)- Use a diagonalization argument similar to Lemmas [2"§1 and [3171 

based on B^(n,p). By Lemma 1271 with high probability B^i(n,p) satisfies CliqueDiscf^] 
and by Lemma [191 (for Bjf(n,p)) fails Expand[V]. Since tc' is a refinement of 7T, this implies 
that with high probability B^i{n,p) fails Expand[7r]. □ 

Lemma 36. (Chung |7|/) For p = | and 2 < £ < k — 1, Deviation[£] ^4 CliqueDisc[£]. 

Proof. This was originally proved by Chung [7J using a construction similar to Ag(n, 1/2) 
except the random hypergraph was replaced by the Payley hypergraph. Lemma [281 shows that 
with high probability Ai(n, 1/2) satisfies Deviation[£] and Lemma [T71 shows that Ae(n, 1/2) 
fails CliqueDisc[£], so a diagonalization argument similar to Lemmas I2"9l and 1301 shows that 
Ai(n, 1/2) provides an alternate construction proving that Deviation[£] ^4 CliqueDisc[£]. 

□ 

Lemma 37. For p = | and 2 < £ < k — 1, Deviation[£] 7^- Deviation[£ + 1]. 

Proof. Use a diagonalization argument similar to Lemmas [291 and I3"U1 based on Ag(n, 1/2). 
By Lemma [28l with high probability Ae(n, 1/2) satisfies Deviation[£] and by Lemma [TBI fails 
Deviation^ + 1]. □ 



5 CliqueDisc[£, s] 

In this section, we prove Theorem [TJ Initially, in [7], Chung claimed that CliqueDisc[£ — 1] 
Deviation[£] for all £. This fact is true for £ = k since both are equivalent to Count [All], 
but the claimed proof that CliqueDisc[£ — 1] Deviation[£] for £ < k was found to 
contain an error. In |3], Chung discussed the error, proposed the property CliqueDisc[£, s], 
and claimed that Deviation^] <^ CliqueDisc[/c — l,s]. As our results (and Lemma 1381 
below) will show, Deviation^] ?4 CliqueDiscfA; — l,s] and so there is an error in jl] (the 
error is in the second to last equality in the equation at the end of Section 3 in [4]). In 
fact, the following counterexample was essentially discovered by Chung but our use of the 
random graph instead of the Payley graph makes the construction simpler to analyze. We 
note here that Chung's definition of CliqueDisc[£, s] considered spanning hypergraphs while 
we consider not necessarily spanning hypergraphs. The counterexample below works with 
either definition. 

Lemma 38. Fork = 3, Deviation[2] ^4 CliqueDisci/ 2 [2,2] 

Proof Sketch. Consider A 2 (n, 1/2). By Lemma I2"8l with high probability A 2 (n, 1/2) satisfies 
Deviation[2]. On the other hand, with high probability A 2 (n, 1/2) will fail CliqueDisc[2, 2] 
as follows. Let G be the (spanning) graph consisting of the edges colored one in the definition 
of A 2 (n,l/2), so that a triple T e ^M^ffl) is a hyperedge if and only if \E(G[T})\ is 
even. The probability that G[T] has no edges is |, has one edge is |, has two edges is |, and 
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has all three edges is |. Thus w.h.p. there are a total of (1 + o(l))~(") triples which induce 
at least two edges of G. But of these, only the ones with exactly two edges are hyperedges, 
so there are (1 + o(l))|Q) hyperedges of A 2 (n, 1/2) inducing at least two edges of G. But 
| is not one-half of |, implying that CliqueDisc[2, 2] does not hold for A 2 (n, 1/2). □ 

We now turn to proving Theorem [TJ which states that the properties CliqueDisc[£, s] 
are equivalent for fixed k and £ as s ranges between 1 and The proof occurs in two 
stages; first we prove that CliqueDisc[£, s + 1] =>- CliqueDisc[£, s] and secondly prove that 
CliqueDisc[£, 1] =>- CliqueDisc[£, („)]. The former proof is the difficult one, and the main 
tool used in the proof is inclusion/exclusion. 

Theorem 39. (Inclusion/Exclusion) Let U be a finite set and let f,g:2 u ^-N. If for all 
ACU, 

g(A) = f( B )> 

B-.BCA 

then for all A C U , 

f(A) = £ (-l) lAHBl 9(B). 

B-.BCA 

Definition. Let G be an i-uniform hypergraph, let V = (Pi, . . . , Pk) be an ordered partition 
of V(G) into k parts, and let 1Z C ('^) . Define an i-uniform hypergraph Gp^ as follows. 
V{G v>n ) = V(G) and 

E{G v:R ) = {X G E(G) : {i : X n P t ± 0} € 11} . 

Conceptually, G-p,n is the subgraph of G consisting of those edges with at most one 
vertex in each part of the fc-partition V where in addition the intersection pattern of the 
edge appears in 1Z. Our proof that CliqueDisc[£, s + 1] =>• CliqueDisc[£, s] works as follows: 
given some ^-uniform hypergraph G, we modify G so that the fc-sets inducing at least s 
edges of G transition to fc-sets inducing at least s + 1 edges in the modification of G. The 
complexity in the proof is that the modification of G must be carefully chosen so that there 
is a strong relationship between the fc-sets inducing s + 1 edges in the modification and the 
fc-sets inducing at least s edges of G. This modification uses G-p tz as follows: pick some 
/ G 0-f) with I ^ 71 and define F to be the ^-uniform hypergraph G-p^ plus the complete 
^-partite, ^-uniform hypergraph with edges whose intersection pattern on V is given by I. 

Now consider applying CliqueDisc[£, s + 1] to F, which tells us about the A;- sets inducing 
at least s + 1 edges of F. The fc-sets which contain exactly one vertex in each part of V are 
well behaved. Indeed, if \1Z\ = s and T is a k-set with exactly one vertex in each part of 
V, then T will induce at least s edges of G-p^ if and only if T induces exactly s edges of 
Gp } Ti since there are only s intersection patterns in 1Z. In this case, T will induce exactly 
s + 1 edges of F since F added the complete ^-partite hypergraph in intersection pattern 
I and I £ 1Z. Applying CliqueDisc[£, s + 1] to F also tells us about fc-sets which have 



31 



more than one vertex in some part of V, but an inclusion/exclusion argument is used to 
ignore these fc-sets. In summary, we restrict from G to G-p^ so that we have room to add 
a complete ^-partite graph of intersection pattern / without interfering with the edges of G, 
and use inclusion/exclusion argument to study only the A;-sets with exactly one vertex in 
each part since only for these fc-sets can we transfer knowledge between G-p^n and F. The 
next definition gives a symbol to these fc-sets with exactly one vertex in each part which 
induce exactly s edges of G. 

Definition. Let G be an t-uniform hypergraph, let V = (Pi, . . . , Pk) be an ordered partition 
ofV(G) into k parts, and let s and k be an integers where k > £ and 1 < s < Define 

W(G, V, s) = |r e (^f^ : V?, T n P l ± and e G (T) = s j , 
where ea(T) = \E(G[T])\ is the number of edges of G induced by T. 

Lemma 40. Let k, t, and s be integers with 2 < t < k and 1 < s < . Let % = 
{Hn^n^oo be a sequence of k -uniform hypergraphs with \ V(H n ) \ = n and assume % satisfies 
CliqueDisc p [£, s + 1]. Let G be an £-uniform hypergraph with V(G) C V(H n ), let V = 
(Pi, . . . , Pk) be an ordered partition of V(G) into k parts, and let 1Z C (^') where \1Z\ = s. 
Then 

\W(G p ,k, V, s) n E(H n )\ = p \W(G v ,n, V,s)\ + o(n k ). 

Proof. Throughout this proof, the subscripts n and p are dropped for clarity. Since s < (*) , 
pick some / G ( [k )) where I<£K. Define 



F = G vn u|le 



{i : x n P t ^ 0} = / 



Now define maps f Kn , f H , gK n ,9H '■ 2^ — > N as follows: 



jre (^f^ :e F (r)> S + l,{<:TnP i ^0} = A} 
f H (A) = \{Te E(H) : e F (T) > s + 1, {i : T n 0} = A}\ , 



9kM) 



jre :e F (r)> a + i,{<:rnP i ^0}c^J 

<7„ (A) = \{T e E(H) : e F (T) > s + 1, {i : T n P^ 0} C A}| . 

Note that in the above definitions, the set T could have more than one vertex in each part 
of V. 

Claim 1. For all BC [k], g H (B) = p g Kn (B) + o(n k ) . 
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Proof. This will follow from applying CliqueDisc[£, s + 1] to F' = F[Uj 6 sPj] as follows. 
Consider the sets 



A 1 = {tg :e F ,(T)>s + l 

A 2 ={tg (^f^ :e F (T)>s + l,{i:TnP i ^0}CBy 

Since F' is F restricted to UjgsPj, Ai = A 2 . Next, applying CliqueDisc[£, s + 1] to F' 
shows that |Ai D E(H)\ = p\Ai\ + o{n k ). Lastly, by the definitions of gu and g% n , git(B) = 
|A 2 n E(H)\ and gK n (B) = |A 2 |. Since Ai = A 2 , the proof is complete. □ 

Claim 2. 

g Kn (A)= Yl f*SB) g H (A)= ^ f H (B) 

B-.BCA B-.BCA 

Proof. Let T G ( v f ] ) with e F (T) > s + 1 and {i : TnP; ^ 0} C A. Define 5 = {z : TnP t ^ 
0} so that B C A. Now T will be counted once by g Kn (A) and once by f Kn (B) but will not 
be counted by any fx n {B') with B' ^ B. A similar argument shows that if T G E(H), T 
will be counted once by gn(A) and once by /#(£>). □ 

Claim 3. 

f K M)= E (-i) |AHi V„(fi) M^)= £ (-1)^-1^^(5) 

B-.BCA B-.BCA 

Proof. Apply Inclusion/Exclusion (Theorem I3"§1) to fK„,9K n and fu-,9H- □ 
Claim 4. For all A C [jfe], fn(A) = p f Kn (A) + o{n k ). 
Proof. Combine Claims [1] and [3] to obtain 

fn(A)= J2 (-1) IBHA1 9h(B)= P J2 (-l) lBHAl 9K n (B) + o(n k )=pf Kn (A) + o(n k ). 

B-.BCA B-.BCA 

□ 

Claim H] for A = [k] implies that among the fc-sets T with exactly one vertex in each 
part and inducing at least s + 1 edges of F, a p-fraction of them are hyperedges of H. The 
remainder of the proof translates this knowledge back to fc-sets inducing at least s edges 
of G-pji, using that F was built from G-p,n by adding the complete ^-partite, ^-uniform 
hypergraph with intersection pattern J. 

Claim 5. 

/*„([*]) = \W(F, V,s + 1)\ and f H ([k}) = \W(F, V,s + l)n E(H)\ 
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Proof. First, we show that f Kn ([k}) < \W(F,V,s + 1)|. Let T G ( v f ] ) with e F (T) >s + l 
and T fl Pi ^ for all 2 G [A;], so that T is counted by fK n {[k])- Now consider the set 
TZ' = { J : 3X G £(F[T]), {i : X n ^ ^ 0} = J}. Since T has exactly one vertex in each 
Pi, \TZ'\ > s + 1 and also every J G TZ' has size £. By the definition of F, TZ' C TZ U {/} 
which when combined with |72| = s shows that TZ' = TZU {I}. In particular, |72'| = s + 1 so 
e F (T) = s + l, which implies that T G W(F,P,s + 1) and thus f Kn (M) < \W(F,V,s + 1)|. 

Next, we prove that /*■„([*:]) > |W(F, P, s + 1)|. Let T G W(F, V,s + 1). Then e F (T) = 
s + 1 and \TC]Pi\ = 1 for all i G [A;] so {i : T n P* ^ 0} = [Jfe]. Thus T is counted by 
sof Kn ([k]) = \W(F,V,s + l)\. 

A similar argument shows that ///([A;]) = |W(F, P, s + 1) flP(P)|, since the previous 
two paragraphs can be applied to sets T which are edges of H. □ 

Claim 6. 

\W(F,V,s + l)\ = \W(G v ^,V,s)\and\W(F,V,s + l)nE(H)\ = \W(G v , n ,V, s) n E(H)\ . 

Proof. Let T G ( v f ] ) with |T n P| = 1 for all i. We would like to show that e F (T) = s + 1 
if and only if ea vn (T) = s. As in the previous proof, define TZ' = {J : 3X G E(F[T]), {i : 
X n Pi ^ 0} = J}. Now e F (T) = s + 1 if and only if TZ' = 72. U {/}. Since F is defined 
as the edges of G-p,-R together with all £-sets with intersection pattern I, TZ' = TZU {1} if 
and only if e Gvn (T) = s. This implies that \W(F, V, s + 1)| = \W(G Vi1z ,V, s)\. A similar 
argument where T is restricted to an edge of H shows that \W(F,V, s + 1) f)E(H)\ = 
\W{G V; n,V,s)nE{H)\. □ 

We can now complete the proof of Lemma HOI Combining Claims [5] and [6] shows that 

f Kn ([k]) = \W(G Vtn ,V,s)\ 
f H ([k\) = \W(G rtn ,V,s)nE(H)\. 

Claim H] then shows that 

\W(G v , n , V, s) n E(H)\ = p \W(G Vj n, V,s)\+ o(n k ), 

completing the proof of the lemma. □ 

Lemma 41. Let k, £, and s be integers with 2 < £ < k and 1 < s < Q). Then 
CliqueDisc p [£, s + 1] =>- CliqueDisCp[£, sj. 

Proof. Let Ti = {-P n }n^oo be a sequence of fc-uniform hypergraphs with |V(if n )| = n and 
assume Tt satisfies CliqueDisc[£, s + 1]. Let G be an ^-uniform hypergraph with V(G) C 
V(P) and let n' = Then 

= 1^,^)1 • ( 16 ) 
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Indeed, let T = {ti, . . . ,tk} C V(H) with e G (T) = s. The number of times T is counted in 
the sum is k\k n ~ k since T will be counted on the right hand side of (1161) only if T n Pi ^ 
for each i. There are k\ ways of assigning the vertices of T to the parts of V, and k n ~ k ways 
of assigning the other n' — k vertices of G to parts of V. Once such a partition V is chosen, 
there is a unique choice for 71 since T induces exactly s edges and T has exactly one vertex 
in each Pj. A similar counting argument shows that 

\{T G : e G (T) = s}\ = — L_ £ |W(Gp, w , P, s) PI . 



Note that the number of terms in the sum is k\S(n', k) (W) = Q(k n ') } so applying Lemma HQ] 
implies that 



\{T E E(H) : e G (T) = s}\ = £ \W{G T , n , V, s) R 



P 



£=*£i^(g^,*)i+o( 



n fc fc!5(n',fc)((p) 



A;!A; 



n'—k 



+ o n* . 



(17) 



Applying CliqueDisc[£, s + 1] to G shows that 



|{T6^):e G (T)> S + l}|=p 
Combining (|T7|) and (jTSJ) shows that 

|{Te£(tf):e G (T)> S }|=p 



T e 



(T) : 



e G (T) > s + 1 



+ on" 



T e 



+ o(n K 



implying that CliqueDisc[£, s] holds. 

Lemma 42. CliqueDisCp[£,l] =>■ CliqueDisCp[£, Of)] 



□ 



Proof. Let G be an ^-uniform hypergraph with V(G) C V^(if ) and denote by G the hyper- 
graph with V(G) = V(G) and E(G) = ( v f ] ) - E(G). Now define 



(T) ^ 



eeCH > 1 • 



By the definition of G, 



.4 



T e 



(T) 



e G (T) < 
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Thus if we define 



HKT)^e)}< 

then ( V ^) —A = B. Intersecting this equation with E(H), we also obtain that E(H) — (An 
E(H)) = B n E(H). Apply CliqueDisc[£, 1] to G to imply that \A n = p|A| + o(n fc ) 

which implies that 

\Bf]E(H)\ = (\E(H)\ - \AnE(H)\) = \E{H)\ - p\A\ + o(n k ). 
Since CliqueDisc[£, 1] applied to K$p shows that \E(H)\ = p(?) + o(n k ), we have 



Bn£(ff)| = -p|A| + o(n fc ) = p 




- + o(n fc ) = p\B\ + o(n fc ), 



which implies that CliqueDisc[£, (^)] holds for %. □ 

Combining Lemmas HH and H2 completes the proof of Theorem [U Note that the proof of 
Lemma W2\ extends to show that CliqueDisc[£, s] CliqueDisc[£, f*) — s + 1] by defining A 
as the fc-sets inducing at least s edges of (5. Also note that the proof of Lemma H2l works even 
when the definition of CliqueDisc[£, s] is restricted to spanning graphs as in Chung's jl] 
original definition, so Lemma 1421 provides an alternate contradiction to [4]. 
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A Deviation 

This section contains the proofs of Lemmas 191 and [TUl The ideas behind these two lemmas are 
the cornerstone of Chung's [7J proofs that Deviation^] =>• Deviation[£— 1] and Deviation[£] 
=>■ CliqueDisc[£ — 1]. Since our proof that Deviation[2] =>- Expand[7r] (which appears in 
Section I2.3p is based on the these same ideas, we factored out these two lemmas from 
Chung's [7J proofs. Chung doesn't explicitly state these lemmas, so for completeness we give 
proofs in this section. 

Proof of LemmaUE Let P,Q C V(H ) k and assume that Q is complete in coordinate i so that 
there exists aQ'C V^H)^ 1 with Q = {(x 1 , . . . , xjA '■ {x%, ■ ■ ■ , x i+ i, . . . , x k ) € Q', x^ G 
V(H)}. By definition, 

dev tf p(H)= ^2 VB[xi]---]x k -i]yi,o,yi,i]---]yt,o,yi,i) 

xi,...,xk-e,,yi i o,yi,i,—,uifi,yi,i&V{H) 
<D[xv,—;xk-i :vi,Oi!/i,i;-;w,oiW 1 i]£P 

= E v&y)- 

xeV(H) k ~ e 
y&V{H) 21 
0[x;y\CP 

where for notational convenience we write 0[x; y\ for 0[x\, . . . ; Xk-e; yi,o, yi,i] ■ ■ ■ ; yi,o, ye,i] 
and similarly for 77. Let j = i — k + i and rearrange the sum to obtain 

dev £ , P (tf)= E E E V^y). (19) 

Vi+\,0,Vj+l,\,—,Vlfi>Vl,l'Ey(H) 0[x;y\CP 
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Now fix x and y lfi , y lA , 2/,-i,o, Vj-i,i, Vj+i,o, Vj+i,i, Ve,o, Vi,i and consider the sum over 
yj t o, yj t i in the above expression. Call a vertex z even if 

\0[x; 7/i i0 , 2/i,i; • • • ; Vj-1,0, Vj-1,1] z\ yj+1,0, Vj+1,1] ■■■] Vt,o, Ve,i) n E(H)\ 
is even and odd otherwise. In other words, z is even if the squashed octahedron formed using 
z in the ith part is even. Define JV = {z : Off; y 1>0 , . . . ; 2/j-i,o, «; 2/j+i,o, 2/j+i,i; • • • 5 

2/^,o> 2/^,1] ^ P}- Now expand the sum over y^Q and y^i by cases depending on if the vertices 
are even or odd. 

Y y)= Y ^ y"> 

0[x;y\CP 

= Y 7 i(x;y)+ Y v(x;y) 

y even in N yj q even in N 

yj l even in JV yj,i odd in N 

+ Y v(x]y)+ Y V&y). (20) 

Di odd in N yj q odd in A 1 " 

yj l even in A 7 odd in N 

If 7/^0 and yj t i are both even or both odd then r](x; y) = +1 and if exactly one of yj,o, Vj,i is 
even then r](x;y) = — 1. Let T be the number of even vertices in N and I\ the number of 
odd vertices in N. Then continuing the above equation we have 

Y r)(x; y)=T 2 - ToT, - T l T + r? = (r - T l ) 2 > 0. (21) 

0[x;y\CP 

In particular, this implies that the above sum is always non-negative. Now return to ( fT9lh 
Since the innermost sum is always non-negative for any choice of x and 2/1,0,3/1,1, • • • ,Vj-i,o, 
Vj-1,1, yj+1,0, yj+1,1, Vt,o, Vi,i, the middle sum in ( 1T91) can be restricted to Q' and this 
restriction cannot make the value of the sum go up. More precisely, 

dev i}P (H)= Y Y Y v(x;y) 

x&v(H) k - e j/i,o,yi,i,— ) yi-i,o,%-i,i6V'(H) yj,o,yj,i&V{H) 

Vi+l,Q,Vj+i,\,—,VlfliVl,l€y(H) 0[x;y\CP 

> Y Y Y v&y). 

x£V(H) k ~ e yi,o,yi,i,---,Vj-i,o,yj-i,i£V(H) Vj,o,Vi,i£V(H) 

yi+i,o,Vj+i,i,—M,o,ye,i£V(B) 0[x;y\cp 
0[£;yi ) o,yi,i;---;Vj-i,o,yj-ix>yj+ho>yj+i,i>---'M,o>yi,i]QQ' 

Notice that the octahedron in the middle sum skips the jth coordinate of the ys which 
corresponds to the ith coordinate of the octahedron. This matches with the fact that Q' C 
V(H) k - 1 . By definition of Q', 0[x; y h0 , y 1A ; ■ ■■] Vj-i,o, Vj-1,1] Vj+i,o, Vj+1,1] ■■■] Ve,o, Vt,i] Q Q' 
if and only if 0[x;y\ C Q. Thus the above sum simplifies to 

devi !P (H) > Y Y V&y) = dev £i p nQ (i7). 

xeV(H) k - e y£V(H) 2e 
0[x;y\CPnQ 

□ 
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Next we prove Lemma [lOj which is a consequence of the Cauchy-Schwartz inequality. 

Theorem 43. (Cauchy-Schwartz Inequality) If n is a positive integer and a iy fa G K. for 
1 < i < n, then 




Proof of Lemma\T^ Let H be a sequence of hypergraphs where deve,p(H n ) = o(n k+t ). Using 
the same notation as the proof of Lemma [91 we have 

dev t ,p(H n ) = ^ ^ ^ 

xeV{H n ) k ~ l y&V(H n ) 2e 
0[x;y\CP 

= 2 

x€V(H n ) k ~ e V2,o,y2,i,---,ye,o,ye,i£V(H n ) yifi,Vi,i€.V(H n ) 

0[x;y]CP 



For j — 1, the equations (120]) and fj2ip show that 

]T r / (f;y) = (r -r 1 ) 2 , 

2/1,0, 2/1,1 eV(H„) 
0[x;y\CP 

where r is the number of even vertices in N = {z : 0[x; z\ 1/2,0, 2/2,1; • • • ; Ve,o, ye,i] ^ P} and 
Ti is the number of odd vertices in N. But by the definition of an even and odd vertex, 

Thus 

dev e ,p(Hn) = Yl Yl [ ^2v(x;z;y 2 fl,y 2 X,- ■ -iye,o,yi,i) 

xaV{H n ) k ~ l y2,o,y2,i,-,ye,o,yi,i£V(H n ) \z&N 

Now apply Cauchy-Schwartz with = 1 and fa = rj(- ■ • ) to obtain 

dev/,p(g w ) > nk+e _ 2 ( ^r/(f; z;?/2,o, 2/2,1; ••• ;%o, ^,1) J • 

The expression inside the square is dev£_i i p(i? n ), since the sum is over x and 2 which sums 
over k — £ + 1 parts of the squashed octahedron with one vertex and a sum over £ — 1 
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parts of the squashed octahedron with two vertices. The restriction of z G N translates to 
0[x; z; y 2fi , V2,i] ■■■] Vt,o, yi,i] C P, exactly the restriction in dev|_i iP (# n ). Thus 



1 




TV 



k+e-2 



□ 



For completeness, we give the two proofs of Chung [7] which were the original motivation 
for Lemmas M and [TU1 

Lemma 44. (Chung [7]) For 2 < £ < k, Deviation^] =>- Deviation[£ — I]. 



Lemma 45. (Chung n\l) For 2 < £ < k, Deviation[£] =3- CliqueDisci/ 2 [£ — 1]. 
Proof. Let G be an (£ — l)-uniform hypergraph. For k — £ + 1 < i < k, define 



That is, Pi is the collection of tuples where the vertices besides the ith coordinate are distinct 
and form a (k — l)-clique in G. Note that Pi is complete in coordinate i. We claim that 
flPj is the collection of A;-tuples of distinct vertices which form a fc-clique in G. Indeed, let 
X\, . . . , Xf. be distinct vertices forming a /c-clique of G. Then (xi, . . . , Xk) G Pi for every i since 
all {£— l)-subsets of . . . , x^\ are edges of G. In the other direction, let (xi, . . . , x^) G HP, 
and let R be any (£ — l)-subset of {xi, . . . , Xk}. Since = £ — 1 and z ranges from k — £ + 1 
to fc, there is some z such that Xi ^ i?. But now (xi, . . . ,Xk) G Pi implies that R C -E(G) 
showing that G[{xi, . . . , Xk}] is a clique. Therefore, Lemma[9]and the fact that Deviation^] 
holds imply that 



Proof. Apply Lemma |9] with P = V(H) k . 



□ 



Pi 




Xk}\ = k - 1, 




dev^pXH n ) < dev e (H n ) = o(n k+e ). 



Now a repeated application of Lemma [TD] implies that 
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Expanding the definition of dev o n p. (iJ n ), we have 

dev 0tn p.(H n ) = ^2 v(xi;...;x k ) 

(xi,...,x k )enPi 

= k\ ^2 v(xi;...;x k ) 

{xi,...,x k }CV{H n ) 
G[{xi,...,x k }] is a clique 



k\{\K k (G) n E{H)\ - \K k (G) n E{H)\). 



Thus dev , n p,(#n) = o(n fc ) implies that \K k (G) fl = |/C fc (G) fl + o{n k ) which 

implies that CliqueDisci/ 2 [£ — 1] holds for H. □ 



43 



